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Cakravala Method

Let the Vargaprakrti be Nx* + C = )2,
where x is the smaller root (hrasva),
y is the greater root (jyestha),

and Cis the constant (ksepaka).
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Cakravala Method

hrasva-jyestha-pada-ksepan

bhajya-praksepa-bhajakan

krtvo kalpyo gunah tatra tatha prakrti tat cyute
gunavarge prakrtyah une athava alpam $esakam yatha

Assume (integer) values for smaller root, greater root and the
constant.

Take them to be the dividend, constant and divisor (in order of a
kuttaka).

Solve it and find the values of guna and labdhi. Subtract the
square of guna from prakrti or vice versa so that the remainder is
the smallest.
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Cakravala Method

tattu ksepahrtam ksepo vyastah prakrti tat cyute

guna labdhih padam hrsvam tatah jyestah matah asakrt
tyaktva purvapada ksepan cakravalam idam jaguh

catur dva-ekayuta evam abhinne bhavatah pade

Divide this difference by the previous argument(constant) and
obtain the new value of the constant.

If the square of the guna is subtracted from the prakrti, its sign
changes.

Assume the guna so obtained as the new value of the smaller root
and find the new greater root with prakrti and constant.

Repeat the process till the constant becomes 4,2 or 1. This is
called 'cakravala’.
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Cakravala Method

caturdvi ksepa milabhyam rupa ksepartha bhavana

You get the constant unity from the value of the constant of 4 or 2
or 1 by Bhavana.
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Procedure

Let the equation to be solved be Pg? + 1 = 7

1

Choose s such that Pg> + s= r*, so that for q=1, P+ sis a
perfect square. Get r from r* = Pq® + s.

If s=1 or 2 or 4, (q, r) is the solution for Pg* +s=r

When s = 1, you are done. When s = 2 or 4, continue using
Bhavana until s = 1.

3 Otherwise, solve the kuttaka gx+ r = sy.
4 Let (X,Y) = (x+ ms,y+ mq), m=1,2,3,... be the possible

solutions.

5 Choose X such that P — X2 is minimum.

6 Calculate new value of s as

s1 = (—1).2=X

S

7 Now find r; from Pg? + s, = 13, where q; = Y.

8 Let (g1, r,s1) be the new values of (g, r,s). Go to step 2.
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Justification

Let the equation to be solved be Pg? +1 =~
Choose s such that Pg?> +s=r?, so that for g=1, P+ sis a
perfect square. Get r from r* = Pq® + .

o If s=1, we are done.

e If s =-1, use the rule R(1) viz.

If (x,y) = (, 3) is a solution of Nx* + k = y?
then Nx? 4 k* = y? will have the solution
(x,y) = (2a8, No® + 5°)

to get the solution of Pg> +1 =
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Justification ...

o If s = £2, use the rule R(1) viz.
If (x,y) = (o, B) is a solution of Nx2 + k= y?
then Nx? 4+ k* = y? will have the solution
(x,y) = (228, No® + %)
to get the solution of Pg? + 4 = r*, and then use the rule
R(2) viz.
If (x,y) = (a, B) is a solution for the equation Nx? + c = y?
then the solution of Nx* + 5 = )? is given by

(x,y) = (2, 2), with k=2

to get the solution of Pg? + 1 = P
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Justification ...

o If s =4, use the rule R(2) above viz.

If (x,y) = (o, B) is a solution for the equation Nx* + c = y?
then the solution of Nx* + 5 = ) is given by
t get the solution of Pg® + 1 = 7

e If s = -4, use the rule R(2) above with k=2
to get the solution of Pg> — 1 = r?, and then use rule R(1)
above viz.

If (x,y) = (a, B) is a solution of Nx* + k = y?
then Nx? 4+ k* = y? will have the solution
(x,¥) = (2a8, No® + %)

to get the solution of Pg> + 1 = r°
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Justification ... Contd

@ If sis other than + 1,2,4, then we need to find some better
approximation of g and s such that s is close to 1.

Let the solution for Pg? 4+ s = r* be (q,r) = (1,A), where
s=A?—-P
Let another solution for Pg? 4+ k = r* be (q,r, k) = (x,y, k)

Then following Bhavana, we have
(q,r) = (Ax+y, Px+ A.y) as the solution for Pg* + s.k = r*

_ (Axty PxtA . 2k
Or, (q,r) = (75, =2¥) as the solution for Pg” + £ = I

Thus we have two diophantine linear equations viz.
gs=y+ Ax, and
rs= P.x+ A.y.
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Justification ... Contd

Let us now consider the first equation:

gs=y+Ax-(1)

Now we solve this diophantine equation, for (A, q), where

(X,y,S) - (17 a, 32 - P)

q.(a> — P) = a+ A for the pair of values (A, q).

We will have infinite solutions of the form (A + m(a® — P), q + m)
for integer values of m.

We choose that pair (A, g) such that s = A2 — P is the smallest.
For this value of g, now we find r from Pq2 +s=17, or

from r.s = P.x+ A.y, where (x,y,s) = (1,a,a> — P).

A2_p
—.

And new value of sas s = (—1)
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This is illustrated by the following example.
ka sapta Sasti gunita krtih eka yukta
ka ca ekasasti nihata ca sakhe sartipa
syat mulada yadi krti prakrtih nitantam
tvat cetasi pravada tata tatalatavat

If you are clear and firm in your mind, tell me the following. What
is that number, square of which, when multiplied by 67 or 61 and

increased by 1 yields a square root?

Find the solutions of 67¢°> + 1 = * and 61¢*> + 1 = .
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Examplel: Solution

The equation to be solved is 67¢%> + 1 =

1 Choose s such that 67¢g> +s=r*, and forg=1, 67 +sis a
perfect square.
s=—3.
r» =67 — 3. Hence r=8.
o First Iteration
3.1 Solve the kuttaka x+ 8 = 3y. (Ignore the sign of s).
4.1 (Xa Y) = (173)7 (4a 4)7 (77 5)7 (10»6)7 )
(1+4m,3+ m), m=0,1,2,3,... are the possible solutions.
5.1 Choose X such that 67 — X? is minimum.
67 — 72 is minimum.
6.1 New value of sis
s =(~1).9=F =6
7.1 Now from 67.5%2 +6 = r7, r# = 412.
Hence B = 41.
8.1 Let (g,r,s) = (5,41,6).
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Examplel: Solution ...

@ Second lteration

3.1 Solve the kuttaka 5x+ 41 = 6y.

41 (X,Y) = (5,11),(11,16), ..,
(54 6m,11 +5m), m=0,1,2,3,... are the possible solutions.

5.1 Choose X such that 67 — X2 is minimum.
67 — 52 is minimum.

6.1 New value of sis
s1=(~1).975 = 7.

7.1 Now from 67 % 112 — 7 = 2, # = 90,
Hence rn = 90.

8.1 (g,r,s) =(11,90,7).
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Examplel: Solution ...

@ Third lteration

3.1 Solve the kuttaka 11x+ 90 = 7y.
41 (X,Y) = (2,16),(9,27), ...,
(2+7m,9+ 11m), m=0,1,2,3,... are the possible solutions.
5.1 Choose X such that 67 — X2 is minimum.
67 — 92 is minimum.
6.1 New value of sis
s =(-1).9=2 = 2
7.1 Now from 67 % 272 — 2 =13, ¥ = 2212
Hence r, = 221.
8.1 (q,r,s) =(27,221,2).
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Examplel: Solution ...

s=2, and hence
(27,221) is the solution for 67¢* — 2 = .

Following the rule in Bhavana viz.

If (x,y) = (a, B) is a solution of Nx? 4 k = y?
then Nx? + k> = y? will have the solution
(x.y) = (208, No? + 5?)

67q¢® + 4 = * will have a solution given by
(2% 27 % 221,67 % 272 + 2212), or
(11934,97684).

Following the rule in Bhavana viz.

If (x,y) = (v, B) is a solution of Nx* + k* = )2

then Nx? + 1 = y? will have the solution

(xy) = (5. V%)

67¢° + 1 = r* will have a solution given by (1134 97081) —
(5967, 48842).
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Example2: Solution

The equation to be solved is 61¢%> +1 =

1 Choose s such that 61> +s=r*, ansfor g=1, 61 +sis a
perfect square.
s=3.
r? =61+ 3. Hence r=38.
o First lteration
3.1 Solve the kuttaka x+ 8 = 3y.
41 (X, Y)=(1,3),(4,4),(7,5),(10,6), ...,
(1+4m,3+ m), m=0,1,2,3,... are the possible solutions.
5.1 Choose X such that 61 — X2 is minimum.
61 — 72 is minimum.
6.1 New value of sis
si=(—1).957 = 4.
7.1 Now from 61 5% —4 =r2, 7 = 392,
Hence b = 39.
8.1 Let (g,r,5) = (5,39,4).
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Solution ... Contd

s—4, and
(5,39) is the solution for 61> — 4 = .

Following the rule in Bhavana viz.

If (x,y) = (v, B) is a solution of Nx* — k* = )2
then Nx? — 1 = y? will have the solution

() = (% %)

61g°> — 1 =  will have a solution given by (%, %)

Following the rule in Bhavana viz.

If (x,y) = (a, B) is a solution of Nx* 4 k = y?
then Nx? + k> = y? will have the solution

(x,¥) = (208, No® + %)

5
2

619> 41 = r* will have a solution given by (2 2 %

- (. 198)

39 52 | 392

18 /24



Solution ... Contd

Following Bhavana again,

2 2
(g,r) = (2% 195 & 15223,61 N % + 15223 )
— (200985 2310527
=\T2 T2 )

Following Bhavana once again,
(g, r) = (226153980, 11766319049).
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More rules

rtipa Suddhau khiloddistam
varga yoge gune na cet

If the argument is negative, the equation can not be solved unless

the dividend is the sum of two squares.
i.e., for Nx> — 1 = y? has no integer solution unless N = a*> 4 b?
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more

akhile krti mulabhyam
dvidha rupam vibhajitam
dvidha hrasva padam jyestani
tato rupa viSodhane
purvavad va prasadhyete
pade rupa visodhane

In the case of argument being -1, the roots of the sqaures whose
sum is the prakrti, should be obtained. There will be two such
values. The reciprocals of these values will be the two smaller
roots. From these smaller vaues, the larger values can be
estimated. In other words, for the equation Nx*> — 1 = y?, and

N=a+ b
the two smaller roots are x =1 and x = 2.
The larger roots can then be obtained from the given equation.
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trayodasa guno vargo nirekah kah krtir bhavet
ko vasta gunito vargo nnireko mualada vada

Which is the number, whose square multiplied by 13 and reduced
by one becomes a square?
Also tell me the number whose square multipled by 8 and reduced
by one gives a suqgare root.
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There are two equations given

13x2 — 1 =)~2, and

82 —1=y>

Example 1: 13x2 — 1 = )?

The argument is -1. The prakrti is 13.

Since 13 = 32 4 22

we have x = % and x = % as two possible solutions.

Substituting these values, we get y = % and y = 5.

With x = % and y = % using bhavan3, the roots of 13x%2 + 1 = )?

Using bhavana again, with the solutions (x,y) = (%,3) and
(x,y) = (3, 11) for 13x2 — 1 = y? and 13x%> + 1 = 2, we get,
3

1 3 20 _
NIRRT
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Example 1: 8x% — 1 = )?

The argument is -1. The prakrti is 8.

Since 8 = 22 + 22

we have x = % for both possible solutions.

Substituting this value in the given equation, we get y = 1.
So the possible solution is (3, 1).

Now, With x = % and y =1, using bhavana, we get the solutions

for 13x%2 +1 = y2.
x1:2*%*1:1
yi=8x3+1=3

Now, With x = % and y =1, for 85> — 1 = )? and (1,3) for

8x? + 1 = y?, using bhavan3, we get the solutions for

13 —1 =) as.

X2=%*3+1*1:g

yQ:S*%*l—i—l*?):?

So we do not get an integer solution. 24/24



