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Vargaprakrti: Some terminology

Vargaprakrti (equation of a square with some given co-efficient)
is the name given to the equations of type Nx? 4+ C = )?

which is a general form of Pell's equation Nx?> 4+ 1 = y?, where N is
is a positive nonsquare integer.
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Vargaprakrti: Some terminology

istam hrsvam tasya vargah prakrtyah
ksunnau yukto varjita va sah yena
mulam dadyat ksepakam tam dhanarne
mulam tat ca jyesta mulam vadanti

Assume a number (x), which is called hrasva or kanista, its square
should be multiplied by prakrti and add or subtract a suitable
number, called ksepaka, from it to make the remainder a perfect
square. The square root of this number is called a larger root or
jyestha mulam.
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Vargaprakrti: Some terminology

In the equation Nx* 4+ C = )2

@ N: Prakrti
o C: ksepaka
e x: Kanistha root (smaller root)

@ y: Jyestha root (larger root)
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Bhavana is the process of obtaining several solutions from a given
solution of a vargaprakrti equation. Assuming that there is one
solution, below Bhaskaracharya describes various methods of
obtaining other solutions derived from this basic solution.
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hrasva jyesta ksepakan nyasya tesam

For the equation of the form Nx> 4+ C = y2 write down suitable
values of x, y and cin order.

tan anya-anya-adah niveSya kramena

Below them write the values of x,y and c of other similar(or the
same) equation (with different C) in the same order.

sadhya-anyebhyah bhavanabhih bahtini
By the process of bhavana, we can obtain many values of x and y.
miulani esam bhavana procchate atah

The process is called Bhavana.
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Vargaprakrti: Rule 1a

vajra-abhyasau jyesta laghvoh tadaikyani hrsvam

The sum of the cross-products of smaller and greater roots will be
the smaller root of the new equation.

laghu arohatih ca prakrtya ksunna

jyesta abhyasayuk jyestamulam

The products of smaller roots multiplied by the prakrti added to
the product of the greater roots will be the greater root of the new
equation.

tatrabhyasah ksepayoh ksepakah syat

The product of the constants will be the constant of the new
equation.

7/21



Vargaprakrti: Rule 1a

If (x,y) = (a, B) is a solution for the equation Nx* + k = y?

and (x,y) = (a1, 31) is a solution for the equation Nx? + k; = y*
then the solution of Nx? 4 kk; = y? is given by

(%, y) = (aB1 + a1 B, Naay + 1)
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Vargaprakrti: Rule 1b

hrasvam vajrabhyasayoh antaram va

Otherwise, the difference of the cross-products of smaller and
greater roots will be the new smaller root

laghvoh ghatah yah prakrtya vinighnah

and the products of smaller roots multiplied with prakriti
ghatah yah ca jyestayoh tad viyogah jyestam

reduced by the product of greater roots is the new greater root.
ksepah atra api ca ksepaghatah

Here also the product of the constants will be the constant of the
new equation.
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Vargaprakrti: Rule 1b

If (x,y) = (a, B) is a solution for the equation Nx* + k = y?

and (x,y) = (a1, 31) is a solution for the equation Nx? + k; = y*
then the solution of Nx? 4 kk; = y? is given by

(x,y) = (aBf1 — a1, Ny — B31)
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Vargaprakrti: Rule 1: Proof

Let Nx* + k= y?, and
N3 + ki = 2.

Hence,

kki = (* — No?) (yf — Nix})

Ky = (752 Wt — N2 — )

NXCy3 + NG y? + kki = y2y3 + Nx®Noik

Nx2y2 + NxGy? + 2Nxxqyyr + kki = Y2y2 + N2x2x3 + 2Nxx yyr
N(xy1 £ x1y)? + kki = (yy1 £ Nxxq)?

which is of the form

NX? + K = Y2, where
X=xy; £ x1y, Y= yy1 + Nxxq, and, K = kk;

hence the solution of Nx? + kk; = y? is given by
(x,y) = (af1 £ a1, Naay + 351)
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Vargaprakrti: Rule 1:Special case

If (x,y) = (c, B) is a solution for the equation Nx* + k = y*
then Nx? + k> = y? will have the solution
(x,y) = (2a8, No® + 3?)

If (x,y) = (a, B) is a solution for the equation Nx* + 1 = y?

then another solution is give by
(x,y) = (2a, No® + 5°)
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Vargaprakrti: Rule 1 Special Case :Proof

N +1 =y

1= (= Ni?)?

1= y* + N2 —2Nx2y2

1 —|—4Nx2y2 y + N2xA + 2N y?

1+ N(2xy)? = (y* + Nx?)?

Let 2xy = Xandyz—i—Nx2 =Y

Then (X, Y) is a solution of NX? + 1 = Y?

Thus if (o, 3) is a solution of 1 4+ Nx* = y?, then

(X, Y) = (2a8, Na? + 32) is also its another solution.
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Vargaprakrti: Rule 2

ista varga hrtah ksepah
ksepasya adista bhajite
mile te stah athava ksepah
ksunnah ksunne tada pade

If the constant is divided by the square of a desired number to
form new constant, the values of x and y should be divided by the
same desired number to get the new values of x and y.

Similarly, if the constant is multipied by the square of a desired
number, the values of x and y are to be multipled by the same
desired number to get the new values of x and y.
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Vargaprakrti: Rule 2

If (x,y) = (v, B) is a solution for the equation Nx* + ¢ = y?
then the solution of Nx?> + ck? = y? is given by
(x,y) = (ax kB x k)

If (x,y) = (a, B) is a solution for the equation Nx* + c = y?

then the solution of Nx* 4+ 5 = y* is given by

(xy) = (%%
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Vargaprakrti: Rule 3

How to get the initial solution?

ista varga prakrtyoh

yad vivaram tena va bhajed
dvighnamistam kanistanm

tat padam syad eka samyutau
tatah jyestam

If the constant (c) is equal to 1, the value of x can be obtained by
dividing twice a desired number by the difference between the
prakrti and the square of this desired number. From this the
greater root (y) can be obtained.

So x= N%"”aQ is a possible value of the smaller root for an equation

Nx? 4+ 1 = y* where a be some desired number.

iha anantyam bhavana tathesatah
By Bhavana, a number of such solutions can be obtained.
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Vargaprakrti: Rule 3 Proof

Consider the equation Nx? + 1 = 2.
let a be some desired number.
Then, (N— a%)% + 4Na*> = (N + 2%)?

Dividing both sides by (N — a%)2, we get
4N22 _ (N+a%)?
1+ (

N—a2)2 = (N—a?)?

2)2
e, 1+ N(22)? = (o

So x= N%"”BQ is a possible value of the smaller root.
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An Example

ko varga asta hatah sa-ekah
krtih syad ganaka ucyatam
ekadasa gunah ko va
vargah sa-ekah krtibhavet

O, Mathematician, tell me the number whose square multiplied by
8 and increased by one becomes a square number.

Also tell me the number whose square multiplied by 11 and
increased by one gives a square number.

Solve the eqautions: 8x* +1 = y?, and 11x*> + 1 = 2.
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An Example: Solution

Consider the eqaution: 8x* + 1 = y?

For some a, x = 82_%.
Forazl,x:%
Fora:2,x:%:1

For x=1, y=3. If (1,3) and (1, 3) are two roots, then using
bhavana, we get

(x,y) =(1%*3+1%3,8%x1%1+3%3)=(6,17) as the second
solution.

If (1,3) and (6, 17) are two roots, then using bhavana, we get
(xy) = (1%17+3%6,8%1%6+3x17) = (35,99) as the third
solution.
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An Example: Solution

Consider the eqaution: 11x* + 1 = y?

For some a, x = 11222.
For a=1, x:l0
Fora:2,x:i
Fora:3,x:§:3

For x=3, y=10. If (3,10) and (3, 10) are two roots, then using
bhavana, we get

(x,y) = (2% 3% 10,11 * 3«3+ 10 % 10) = (60, 199) as the second
solution.

If (3,10) and (60, 199) are two roots, then using bhavana, we get
(x,y) = (3% 199 + 10 % 60, 11 % 3 * 60 + 10 % 199) = (1197, 3970)
as the third solution.
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An Example: Alternative method

Consider the eqaution: 11x* 4+ 1 = )?

Find some x such that for some k, 11x%> + k is a perfect square.
Let x=1 and k = —2 is such pair, since 11 ¥ 12 —2 = 9 = 32.
Thus (1,3) is a solution to 112 — 2 = ).

Using Bhavan3,

If (x,y) = (a, B) is a solution for the equation Nx* + k = y*
then Nx? + k* = 2 will have the solution

(x,y) = (2a8, Na? + 3?)

Hence (2% 1% 3,11 % 12 + 3%) = (6,20) is a solution of
11 +4 =y~

Using Bhavana again,

If (x,y) = (c, B) is a solution for the equation Nx* + c = y?
then the solution of Nx? + w = y? is given by

(6y) = (%.4)
($,2)) = (3,10) is the solution of 11x* + 1 = y*.
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example

ko vargah sadgunah tryadhyo
dvadasadhyo athava krtih
yuto va paiica saptatya
triSatya va krtir bhavet

Which is that number whose square multiplied by 6 and increased
by 3, 12, 75 and 300 respectively becomes square numbers.

6x° +3 = y?
62 +12 = y?
62 + 75 = y?

6x% 4 300 = y*
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example

ko vargah sadgunah tryadhyo
dvadasadhyo athava krtih
yuto va paiica saptatya
triSatya va krtir bhavet

Which is that number whose square multiplied by 6 and increased
by 3, 12, 75 and 300 respectively becomes square numbers.

6x*> + 3 = y* ; Solution (1, 3)

6x*> + 12 = y? ; Solution (2, 6)
6x*> + 75 = y? ; Solution (5, 15)
6x> + 300 = y* ; Solution (10, 30)
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varga cchinne gune hrasvam tat padena vibhajayet.

If the guna (prakrti) is divided by the square of any number, then
the smaller root of the reduced equation should be divided by the
square root of the square used for division, to get the correct root
of the original eugation.

For example, in the equation 8x*> + 1 = y?, the prakrti 8 can be
divided by 22 to simplify the given equation as 2x*> + 1 = ).
Root of this reduced eugation are (2, 3).

So the roots of the original equation are obtained by dividing the

smaller root by the square root of 4, i.e., (%,3) = (1,3).
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dvatrimséat gunito vargah kah sa-eko milado vada

Tell the number, the square of which when multiplied by 32 and
increased by 1 gives a perfect square. The equation is

32 + 1=y~
Dividing the prakrti by 16, we get 2x% 4+ 1 = 2.

This has a solution (2, 3).

Hence the solution of the original equation is (2, 3).
Using bhavana, we get
(2%2%3,32%22%x3x3) = (3,17).
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ista bhakto dvidha ksepa istonadhyo dalikrtah
guna mula hrtah cadyo hrasva jyeste kramalpade

If the prakrti(guna) is a square number, divide the constant
argument by any optional number and write the quotient at 2
places. From one subtract the optional number and add it to the
second. Divide both by 2. Dividing the first one by the square root
of the guna gives the smaller root x and the second one gives the
larger root.

For example, consider 16x* + 10 = y?. The guna is a perfect
square.

Divide the constant say by 2. We get % = 5. Subtracting and
adding 2 from 5 and then dividing it by 2, we get 5_2 and 5+2
Dividing the first one by square root of 16, we get 5 4 as value of
x, and y =
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General Observations

While, both the methods provide a way to get a solution, it is not
clear whether we will get the solution at all, and if yes, how many
such interations are needed. Or in other words, how fast the
solution will converge?

Bhaskaracharya uses a combination of kuttaka and bhavana for
fast convergence.
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