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denoted asx?-Dy?=1.Weshall
initially denote it by Dx?+1=y?
s0 as to be more consistent with
ancient Indian descriptions of
the equation.

Amartya Kumar Dutta

Number Theory for its own sake, as a great intellectual
challenge, has a long history, particularly here in I ndia.
Already in the 7th century, Brahmagupta made impor-
tant contributions to what is now known (incorrectly) as
Pel's equation.: Michael Atiyah ([1], p.913)

In number theory, the grandest achievements of ancient
Indian mathematicians had been in nding integer solu-
tions of Diophantine equations. Recall! that equations
with integer coet cients are caled ‘Diophantine equa-
tions' when one is interested in “nding their integer?
solutions.

Indian algebraists were the rst to evolve and describe
algorithms for nding all integer solutions of Diophan-
tineequations. In Part 2 of this series, we had discussed
the Indian solutions of the linear Diophantine equation
in two variables pioneered by Aryabhata (b. 476 CE).
From the time of Brahmagupta (b. 598 CE), Indians
began attempting the harder problem of solving vari-
ous types of Diophantine equations of second degree.
Among these equations, the most well-known and sig-
ni- cant isthe so-called Pell's equation?®:

Dx?+ 1= y2

This equation has major applications in modern num-
ber theory some of which we shall mention in the next
instalment.

Asearly as 628 CE, Brahmaguptagave apartial solution
tothe problem of solving Dx?+ m = y? (D; m integers).
In the Preface of his famous treatise on history of num-
ber theory, L E Dickson makes a special mention of this
work ([2], p-xi):
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\ It is a remarkable fact that the Hindu Brahmegupta in
the seventh century gave a tentative method of saving
ax?+ ¢ = y? in integers, which is a far more di+ cult
problem than its solution in rational numkers."

If D <0, then it is easy to see that there are at most
“nitdy many integral solutions of the equation Dx? +
m = y2. Again, if D isa perfect square and m anon-zero
integer, then, by factoringy?j Dx?, it is easy toseethat
the equation has only nitely many integral soutions
and onecan easily determine them. For instance, (0; 8 1)
are the only integral solutions of Dx? + 1= y? when D
is a perfect square. Thusoneisinterested only in those
values of D which are positive integers but not perfect
squares.

Now, for small values of D, a solution of Dx?+ 1= y?
can be found by inspection { for instance, when D = 2,
(X;y) = (2,9 is a solution. But this is mideadingly
smple. For, if D = 61, the smallest pasitive integral
solution is (x;y) = (226153980; 1766319049) indicating
the unexpected intricacy of the general problem.

We shall discuss Brahmagupta's results which enable
one to solve certain dix cult cases likeD = 8 or D =
92. Brahmagupta had remarked that a person who is
able to sove these two cases within a year is truly a
mat hematician ([3], p.364).

Brahmagupta's methods, once stated, areeasy to under-
stand and implement. To have a richer appreciation of
these techniques, young readers could rst spend some
timein attempting to devisetheir own methodsfor nd-
ing integer solutions of the equations Dx? + 1 = y? for
special valuesof D. ThecasesD = 83 or D = 92 would,
of course be too dit cult at this stage (still, why not
make an attempt?) but, before proceeding further, the
student scould at least try the following S mpler exercise:

Exercise 1. Consider 11x?+ 1= y2. By trid-and-error,

IR
AT -

Brahmagupta had
remarked that a
person who is able to
solve the equations
83x?+ 1 = y?and
92x?+ 1 =y?within a
year is truly a
mathematician.
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Box 1. TheVarga-Prakriti

The term varga-prakriti (square-natured) was used by ancient Indians for equations of the
type Dx?+ m = y? (D;m integers). The coet cient D was termed as gunaka (multiplier
or quali er) or prakriti (nature or type), while the quantity m was called ksepa, praksepa
or praksepaka (additive or interpolator). The (integer) solutions correspondingto x and y
were de ned by Brahmagupta as adya-mula (initial or “rs&t root) and antya-mula (" na or
second root) respectively; later writers sometimes termed them as kanistha-pada (junior or
lesser root) and jyestha-pada (senior or greater root) respectively. The Indian results on
varga-prakriti have been discussed by Datta-Singh in ([7], 141-180).

thereader can eadly arrive at the smallest positive in-
tegra solution (3;10). Find a larger solution.

Brahmagupta's Lemma (628 CE)

Suppose that a; b are natural numbers such that D a? +
1=, i.e, i Da?= 1. Squaring bath sides, we have,
(* + Da®)?2 | D(2ba)2 = 1 Thus from the solution
(a;b) of Dx? + 1 = y?, we produce a bigger solution
(2ab; ?+ D a?). Wecan continue this processto generate
in nitely many distinct solutions.

Brahmagupta (628 CE) madea moregeneral and crucial
observation { the celebrated ‘Brahmagupta's Lemma’
([4], Chapter 18, Verses 64-65). Usingmodern notations,
the statement can be formulated as follows:

Lemma 1. (Brahmagupta's Lemma)

If (x1;y;) is asolution of Dx2+ m; = y? and (X5;Y,) is
a solution of Dx?2 + m, = y?, then (X1Y, + Xoy1;Y1Yo +
Dx1X5) and (X1Y2i XoY1:Y1Y2i DX1X,) are solutions of
Dx2+ mim; = y2.

In other words, we have two identities (now called Brah-
magupta's identities)

(y12i DX12)(Y221 DXzz) = (Y1y2 8 DX1X2)2i

D (X1y2 8 X2Y1)23
The sheer beauty apart, Brahmagupta's identity has
now become a standard and usegful result in modern al-
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Box 2. Brahmagupta's Lemma

Brahmagupta's language, though not as cryptic as Aryabhatas, is still quite terse. His
results have been explained more lucidly by Bhaskara Il (1150). Below wegive trandations,
adapted from Datta-Singh ([7], pp.146-148), of the verses of Brahmagupta and Bhaskara ||
on Brahmagupta's Lemma. For the convenience of the reader, modern notations have been
inserted in parentheses [ ].

Verson of Brahmagupta: \ Of the square of an optional number [xi] multiplied by the
gunaka [D] and increased or decreasad by another optional number [jmij], extract the square
root [yi]. Proceed twice [i.e, takei = 1;2]. The product of the rst roats [x1x2] multiplied
by the gunaka [D] toget her with the product of the second roots [y1y2] will give a (new)
second root [Dxix2 8§ yiy2]; the cross-products [x1y2;x2y1] taken together will give the
(corresponding) “rst root [x1y1 8 x2y1]. The (new) interpolator will be equal tothe product
of the (previous) interpolators [mimz]."

Version of Bhaskara Il :\ Set down successively thelesser root, great er root and interpolator
[X1;y1; m1]; and below them should be se down in order the same or another [X2;y2; m2].
From them, by the Principle of Composition, can be obtained numerous roots. Therefore,
the Principle of Compasition will be explained here. (Find) the two cross-produds of the
two lesser and the two greater roots [X1y2; Xz2y1]; ther sum isalesser root. Add the product
of the two lesser roots multiplied by the prakriti [D]to theproduct of the two greater roots;
the sum will bea greater root. In that (equation) the interpdator will be the product of the
two previousinterpolators. Again the di®rence of the two crass-products is a lesser roct.
Subtract the product of the two lesser roots multiplied by the prakriti from the product of
the two greater roots, (the di®erence) will be a greater root. Here also, theinterpolator is
the product of the two (previous) interpolat ors.”

gebra. It plays a crudal role in problems on quadratic
forms. (See [5], p.14, 83, 204, 236, 332 for discussions
on applications of thisidentity.)

In hisresearch monograph ([6]), Manuel Ojanguren be-

gins a chapter (Chapter 5, p.54) by quoting Brahma-

guptas original Sanskrit verses. The chapter itsdf is  * In English :'Thus Spake
titled "Also sprach Brahmagupta* and the “rst result ~ Brahmagupta'!

i “ \‘T T
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5> Seetheremarks of Laplacein
side-box of page 13 of Reso-
nance, April 2002.

in the chapter (Lemma 5.1) has also been labelled by
M Ojanguren as Brahmaguptas Lemma’'! As we shall
seein thelast section, theresult Lemmabs.1 (in [6]) isa
reformulation of Brahmagupta'sidentity in thelanguage
of quadratic forms.

Brahmagupta's Lemma was rediscovered by the great
Swiss mathematician L Euler (1707-1783) around 1758
CE. Euler highlighted the result in his writings as theo-
rema eximium (a theorem of capital importance), theo-
rema elegantissimum (a most elegant theorem), etc.

What makes Brahmagupta's Lemma so special? W hy
do renowned historians and mathematicians{ especially
algebraists and number-theorists { pay glowing tributes
to it? The lemma has a ddightful charm as wdl as
technical power { a gimpse of this power can be felt
from the way it can be used to solve a di+ cult equation
like 92x2+ 1 = y? in a few smple steps. And, what
ismore striking, implicit in the lemma are several sub-
tle fundamental concepts of modern algebra. Thereis
an originality and sophistication in thevery attitude to-
wards an algebraic problem that gave rise to the lemma
and itsingenious applications. The techniques involved
were far ahead of thetimes { only a rare algebraic ge-
nius could have thought along such lines in the seventh
century.

Sometimes the brilliance of an algebraic research lies
in its opening up of new and unexpected horizons with
iImmense possibilities through surprisingly smple inno-
vations. But, ironically, the very smplicity of the work
makesit dix cult for later generationstofathomitsgreat-
ness!® Furt her, once a reader gets accustomed t o an orig-
inal idea, the familiarity often hinders a proper appre-
ciation of its true worth. For aultivation of the right
perspective, it is desirable that results are also seen in
their historical contexts.

Let us rst anaysea few consequences of Brahmagupta's

14
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Lemma pertainingto theequation Dx?+ m = y?. Before
proceeding further, the reader isinvited to nd integer
solutions for 83x2 + 1 = y? and 92x? + 1 = y? using
Brahmagupta's Lemma.

The Samasabhavana and Applications

For a given positive integer D, Brahmagupta's Lemma
enablesonetode nea multiplicative struct ureon the set
of integral solutions of the equations Dx?+ m = y?. For
convenience, l¢ usdencte by (p; g; m) atripleof integers
satisfying Dp? + m = ¢f. Brahmagupta's Lemma gives
two laws of binary composition (which we denoteby ):

(p; o M)~ (r; s; n)= (ps8qr; gs§ Dpr; mn):

These laws came to be known as the bhavana (‘produc-
tion' or ‘composition’) rules. thelaw obtained by taking
the postive sign was called the samasabhavana (addi-
tive composition)® and the rule obtained by taking the
negative sign was called the antarabhavana (subtractive
composition). In the special case of equal roats and
interpolat ors, the rule was called tulyabhavana (compo-
gtion of equals). (See[7], p 148).

Thus, Brahmagupta's Lemma provides, in particular,
laws of composition on the set of integral solutions of the
speci” ¢ equation Dx? + 1 = y2. The samasabhavana is
perhaps the rst known instance of an involved abst ract
algebraic thinking. We shall discuss this aspect in a
subsequent section.

The samasabhavana enables one to generate in nitely
many integral solutions to the equation Dx? + 1 = y?
from a given non-trivial integral solution. If p;q are
positive intege's satisfying Dp? + 1 = ¢?, then de ne
(Po; %) = (p;0) and (pia1;G41) = (P50 (pi3q), where

is the samasabhavana. It is easy to see that p,, >
p > ¢¢p; > poand g, > g > ey > q, i.e, the
solutions are distinct and increasing. One can thus gen-
erate arbitrarily large solutions!

®From Vedictimes, addition has
been called samasa (‘putting
together’)and the sum obtained
samasta (‘whole’, ‘total’, etc).

—_—
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"Henceforth we shall be refer-
ring to verses in Chapter 18 of
[4].

Exercise 2. Use thistrick to solve Exerdse 1. Can
you determine whether the solution you get (by apply-
ing samasabhavana) isthe least possible solution greater
than the pair (3;10)? (This may not be easy { we shall
discuss the question in a later instalment.)

Exercise 3. Show that the equation 3x? + 2= y? does
nat have any integral solution.

In general, when the equation Dx2 + m = y? does have
an integral solution, the samasabhavana can use that
solution and a non-trivial integral solution of Dx?+ 1=
y2 to generatein nitely many integral solutions of Dx?+
m = y? (as the reader can verify). This was stated by
Brahmagupta (verse’ 66) as follows ([7] p.173):

From two roots (of a square-nature) with any given ad-
ditive or subtractive, by making (combination) with the
roots for the additive unity, other rst and second roots
of (the equation having) the given additive or subtractive
(can be found).

As explicitly mentioned by Sripati (1039) and Bhaskara
[l (1150), and implicit in Brahmagupta (verses 65-66),
the samasabhavana also gives a method for ndingin -
nitely many solutions in rational numbers to the equa-
tion Dx? + 1 = y? ([7], pp.151{153). As before, we
need to nd one non-trivial rational solution. But this
isquite easy. Choose any positiveinteger pand any pos-
itive integer q such that ¢ > Dp. Put m = ¢ Dp?
We have a triple (p;g; m). Applying samasabhavana
on the triple (p;g m) with itsdf, we have the triple
(2pg; DP? + of; m?). This gives a rational solution x =
2pcEm; y = (Dp?+ g?)=m totheequation Dx?+ 1 = y?2,

But the question remains: How does one obtain a non-
trivial integral solution to Dx?+ 1 = y?? Again, using
the samasabhavana, Brahmagupta derived integral so-
lutions to the equation Dx?+ 1 = y? from any triple
(p;gm) wherem 2 fi 1;8 2,8 4g. His results (verses

16
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67-68) may be summarised as follows?:

;g 8§81)) (2pg 2977 1 1).
(g 82) (poy ¢ 1; 1),
(p; 4 8§84)) (pg=2 g?=2" 1; 1) if peven.
g +4)) (p(fi D=2 oo?i 3)=2; 1) if podd.
q i 4) (pa(F+ D(F+ =2 (F+ 2
[(?+ 1)(F+ 3)i 2=2 1) if p odd.

(p;
(p;

The reader can eadly deduce all the above formulae
by repeated use of the samasabhavana rule and neces-
sary smpli cations. (Note that Dp? + ¢ is replaced
by 202 i m which smpli_es calculations during appli-
cations) For m = 81 or 82, it is enough to apply
samasabhavana on (p;g; m) with itself once. Smilarly
for m = § 4 when piseven. If pis odd, then for m = 4,
one hasto compose (p; g, m) with itself twice i.e., con-
sder (p;gm) — (p;gm) — (p;gm); for m = j 4, one
applies the compasition  vetimes{ or better, composes
(p;g;m)  (p; g m) with itself twice

Now Brahmagupt & stedhniques can be used to solvethe
equation Dx?+ 1 = y? in a variety of cases, induding
the cases D = 83 and D = 92 mentioned earlier.® The
least positiveintegral solutionsin these cases are (9; 82)
and (120; 1151) respectively.

However, for general D, one ill needs an algorithm for
“nding some triple (p;g;m) wherem 2 f81;8 2;8 4g.
Till then, the above results can be applied only to those
speci ¢ values of D for which one gets such a triple
through inspection or clever manipulations. Even when
such a triple becomes available for a special D, Brah-
magupta's methods lead to some positive integral solu-
tion of Dx?>+ 1 = y? { but that need not be the mini-
mum; and therefore the samasabhavana will fetch only

8 A notation like ‘(p,q; - 2) b
(pg, g2+ 1; 1) would mean 'If
Dp?-2=qg? thenD(pg)?+1=
(@2 +1)%"

9Note: 83" 12-2=9%92" 12
+8 =102 For D =92, (1,10;8)
can be composed with itself to
obtain (5, 48;4). Another ap-
proach: Asitis enough to solve
92x2+4 =y2and hence 23x? +1
=z2% use23+2=52

—_—
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0 The statement needs proof —
it will be discussed in a later
instalment.

in nitely many integral solutions, but not necessarily all
integral solutions.

But then, aswe shall discussin a later instalment, Brah-
magupta's novel ideas also contain the key to the dis
covery of the subsequent chakravala algorithm which
Is a pefect method (free from trial-and-error) for ob-
taining, for any D, the minimum positive integra solu-
tion of Dx2+ 1 = y2 |In fact, hisresults also aid the
chakravala in rapidly arriving at this minimum solution.
T he samasabhavana then generatesall integral solutions
from the minimum one.’® Thus Brahmagupta's partial
solution, apart from being a remarkable landmark by it-
self, wasalso asigni cant step towards the grand dimax
{ the chakravala!

Brahmagupta'sLemma and M odern Abstract Al-
gebra

Let Z denote the set of integersand S = f(x;y;m) 2
Z£Z£ ZjDx?+ m = y?g. By Brahmagupta's Lemma,
the operation ~ de ned by (p;gm)  (r;s;n) = (ps+
gr; Dpr + gs; mn) isa binary composition on the set S.
Recall that the operation  is precisdly the samasabha-
vana and that ‘bhavana' means composition. This so-
phisticat ed idea of constructing a binary compaosition on
an abstractly de ned but unknown set isthequintessence
of modern “abstract algebra. It isa wonder that, in an
attempt to solve an equation, a sevent h-century math-
ematician thought of constructing an intricate abstract
structure on the solution set of a system of equations.
Thisis an original attitude to mathematics the like of
which was not to be seen for the next 1000 years.

Brahmagupta's Lemma in Historical Context

Brahmagupta isthe rst known mathematician to have
systematically investigated the problem of ndingin -
nitely many integral solutions of theequation x?j Dy? =
1. Thisequation hasarich and interesting history which

Cuyc
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we shall brie°y outlinein the next instament. We men-
tion here that, after Brahmagupta's partial solution in
628 CE, a complete solution (chakravaa algorithm) was
described by an unknown Indian mathematician named
Jayadeva!! around 10th century CE (or earlier). A simi-
lar method was also described by Bhaskaral | (1150 CE).
T he examples worked out by Bhaskara to illustrate the
chakravala include the case D = 61 with least positive
integral saution (226153980; 1766319049). Several cen-
turies later, Fermat (1657) raised the problem of solving
x2i Dy?= 1in integers and Brouncker gave a general
method of solution.*?

T he Indian achievements on the Pell's equation between
7th and 10th century appear all the more striking when
contrasted with thegeneral evolution of al gebraicthought.
Till the 16th century CE, Arab and European mathe-
matidans had to struggle with problemsinvolving equa-
tions of thetype ax + b= c (a;la c postive integers) as
shown by the prevalence of the cumbrous rule of false
position' (see Box 3)! As D E Smith remarked:

% Not to be confused with the
Vaishnava poet of Geeta-
Govinda fame.

21n atext of 1693, J Wallis de-
scribed Brouncker’'s solution
and also mentioned the work
of John Pell. Euler probably
confused their contributions
and named the equation x2—
Dy2=1 as Pell’s equation al-
though Pell had nothingto do
with this equation. Since then,
the name of Pell has got
strongly linked with the equa-
tion.

Box 3. The Rule of False Position

One form of therule may be stated in our current algebraic language as folows. to solve a
problem involving a smple linear equation of thetype ax + b= c, one guesses a value, say
u, for the unknown x; computesd = au + b, and then applies the rulex = u+ (cj d)=a
o x=uj (dj o=, depending on whether c > d or d > c. The rule may appear weird
now, but it used to be applied in a mathematical aamasphere where one did not have
notations for the unknown, avoided negative numbers, and had not developed the culture
of framing and solving algebraic equations. Another form (double false position) for solving
the equation f (x) = ¢, where f (x) = ax + b was to guess two values for x, say u and
v, computef(u) = pand f(v) = g, determinethe errorsey, = ci pandes = ci q,
and then apply the rule x = (veu i uey)Xe i ev). The rule was popular among the
Arab and European mathematicians during the Middle Ages prior to the 16th century
Renaissance. It isreferred as elchataym by Fibonacci (13th century), € cataym by Pacioli
(1494), Regola Helcataym by Tartaglia (1556), Regole del Cattaino by Pagani (1591), etc. As
late as 1542 CE, the prominent arithmetician Robert Recorde thought highly of this rule.
Smith remarked (p.439), \Awkward as this seems, the rule was used for many centuries, a
witness to the nead for and value of a good symiolism." For more details, see Datta-Singh
([71, 37-38), D E Smith (Higtory of Mathematics |1, Dover 1953, pp.437-442) and F Cajori
(Histary of Mathematics, AMS Chelsea NY 2000, pp.103, 110).

Cuyc
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B In a subsequent article, we
shall elaborate on Brahma-
gupta’s role in the advance-
ment of basic symbolic alge-
brainIndian mathematics.

To the student of today, having a good symbolism at his
disposal, it seems impossible that the world should ever
have been troubled by an eguation like ax + b= 0. Such,
however, was the case, ... (History of Mathematics I,
p.437).

When we think about the general level of algebraic ma-
turity attained by the pre-Renaissancemathematical co-
mmunity, the algebraic depth of Brahmagupta as re-
°eded in the samasabhavana, looks astonishing.

Brahmaguptawasborn in an era when symbolic algebra
was still at its infancy. He himself established some of
its basic features. He took the important step of intro-
ducing zero asan integer in algebra and formulating the
rules of arithmetic operations involving negative num-
bers and zero. Brahmagupta also contributed to the
evolution of good notations and termindogy (like the
use of distinct letters for several unknowns), the forma-
tion and handling of equations; and so on.*3

Possible Genesis of Brahmagupta's Lemma

It would beinstructive and interesting to explore, in ret-
rospect, how a great mathematician could possbly have
arrived at his discovery. Even if the actua thought-
process of Brahmagupta had been completely diRerent,
a meaningful speculation could provide additional in-
sight into the problem. So I us indulge in this game.
(See [8] for an interesting discussion on the same idea.)

Now, in most ancient civilisations{ especially the Baby-
lonian, Chinese and Vedic Indian { practical construc-
tion problems had led to the construction of what are
called Pythagorean triples, i.e., integer triple (X;y;z)
satisfying x? + y?> = z?. Pythagorean triples contin-
ued to fasdnate subsequent ancient number-theorists
like Euclid (300 BCE), Diophantus (250 CE) and Brah-
magupta (628 CE). They explicitly described the gen-
eral solution of the Pythagorean triple. Now, it is very
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likely that while playing with Pythagorean triples, the
minds of such number-t heorists would have been led to
the question: When isa postiveinteger N (not necesar-
ily a square) expressible as a sum of two squares (a2 + b?;
a< b)?¥

T he smallest such numbers are clearly 5= 1% + 22 and
13 = 22+ 32, It can be easily seen that, in these two
cases, the decompaosition is unique. But then a math-
ematical explorer would observe that 65 [= 5£ 13 =
(12+ 22)(2%+ 3?)] can be expressed as sumsof two distinct
squares in two di®erent ways. namely, 65 = 12 + 8 =
42+ 72, A maturealgebraic mind would realise (maybe,
after observing a few more of such examples) that the
non-uniquenessin thedecomposition of 65 is no accident
{ it isa consequence of the algebraic identity

(X2 + Y2) (22 + 19 = (xz+ yt)2+ (xt| yz)2=

(xzi yt)?+ (xt+yz)% ()

It seems possible that, while handling Pythagorean tri-
ples, ancient Indianswould have arrived at thisidentity.t®

Brahmagupta, who explicitly gave1® theinteger soution
(2mn; m?2j n? m?+ n?) of theequation x?+ y? = 72,
might have been led to the identity (@) or, equivalently,
the now well-known fadt that m = x>+ y? and n =
z2 + t2 imply mn = (xz 8§ yt)2+ (xt~ yz)2. If s0,
then, while considering Dx? + m = y?, he might have
been on the lookout for analogous identities amenable
to application in hisstuation. Given his skill, he would
have noticed therelevant algebraic patternsto arrive at
the appropriate generalisations.

Notethat, using complex numbers, Brahmagupta'sjden-
tities rea(iijlwllow from (2) by replacingy by y i D
andtbyt | D. But,asWail pointsout ([5], p 14), \ this
could not have been fully realized until the eighteenth
century". Y

Cuyc
!

4 The problem can now be fairly
easily solved by analysingitin
the ring of Gaussian integers.
See Chapter 11 of the textAlge-
bra by M Artin.

5 The identity occurs explicitly
in Fibonacci (1225 CE) and im-
plicitly in Diophantus (see [5],
pp. 10-11).

6 See ([4] : Chapter 12, Verse
33).

7 Complex numbers began to
appearin mathematics onlyin
the 16th century CE —its vigor-
ous use can be seen from the
18th century.
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A didck proof of Brahmagupta'sidentity (y?j Dx?)(t?

Dz?) = (yt+ Dxz)?i D(yz + tx)? may be obtained by
splitting the termg y2 | Dx3, t? | Dz? and observing
thejdentity (y+ x D)(t+z D)= (yt+ Dxz) + (yz+
xt) D. MHItipIying bhisidentity by the conjugateiigien-
tity (yi x D)(ti z D)= (yt+ Dxz)i (yz+ xt) D,
one gets Brahmagupta sidentity. Thiswasthe approach
of Euler. Had Brahmagupta'sthought-process (both the
discovery as well as the proof of his main result) taken
a similar route?

Brahmagupta's Lemma and Binary Quadratic
Forms

Results on the Pdl'sequation are of great importancein
the theory of binary quadratic forms. An expression of
theform Ay? + 2Byx + Cx? is called a hinary quadratic
form with discriminant B2j AC. In particular, y?j Dx?
is a binary quadratic form with discriminant D. Thus,
in the language of quadraticforms, Brahmagupta'siden-
tity sayst hat two such forms (say y?i D x?;v?i Du?) can
be "‘composed' to yield another such form with discrim-
inant D in a new pair of variables (xv 8§ yu; yv8 Dxu).
Again recall that the word ‘bhavana means "‘composi-
tion'! We mention here that the theory of composition
of quadratic forms is an important and rich topic initi-
ated by Gauss and Dirichlet in the 19th century and is
sill a very active area of research.

One does not know the initial motivation of Brahma-
guptain investigating equations like y?j Dx?= 1. But,
a thousand years later, Fermat's researches in number
theory led him to a degp study of the binary quadratic
form y? | 2x? which must have resulted in his realisa-
tion of the far-reaching importance of the study of the
equation y?j Dx? = 1. (See[5] for more details.)

Before mentioning another useful modern version of Brah-
magupta’'sLemma, wede neafew terms. Two quadratic
fomsf and g are said to be equivalent if there exists
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a homogeneous linear change of variables which takes
theform f to the form g. More precisely, the quadratic
formsf (x;y) and g(x;y) areequivalent if there exists a
non-singular (i.e., invertible) matrix A such that g(x) =
f (Ax) where x denotes the vector (x;y)T. Thus, if the
guadratic forms are de ned over a = €d' K containing
the rational numbers, then f and g are equivalent if
there exists a;b;c;d in K with adj bc 6 0 such that
o(x;y)=f(ax + by;cx + dy). For instance, f = xy is
equivalent to g = x2i y? since g(x;y) = f (u;v) where
u=x+yv=xj y!®

A number c is said to be represented by a binary form
f(x;y) if thevaluecisattained by f, i.e, if there exist
numbersa; b (in the xed €d or xed integral domain
K) such that ¢ = f(a;b). For instance, if we restrict
ourselves to the eld of rational numbers, or even the
~eld of real numbers, thenj lisnot represented by the
form x? + y2. A quadratic form f is said to be strongly
multiplicative if f isequivalent to cf for every non-zero
crepresented by f.

Let f denatethe binary form y? | Dx? and ¢ be a non-
zero number represented by f. Then Brahmagupta's
Lemmatelsusthat f isequivalent tocf (i.e, y?i Dx?
is strongly multiplicative). For, if c = b?j Da? and
g = cf, then g(x;y) = (¥ Da®)(y? i Dx?. Now
Brahmagupta's identity prescribes the substitution that
has to be made to obtain g(x;y) = f(u;v), namely,
the bijective homogeneous linear transformation given
by u= bx + ay;v = Dax + by. (Note that the deter-
minant of this transformation is ¢ which is non-zero).
The equivalence of f and d is essentially the 'Lemma
5.1' referred by Ojanguren in ([6], pp.54{55) as Brah-
magupta’'s Lemma’. T hisresult was generalised in 1965
by A P~ ster using, what are now called, ‘P~ ster forms.°
P ster'sdiscovery opened up new directionsin the the-
ory of quadratic forms. For an introductory exposition
on P ster's theory, see ([9], [10]). Incidentaly, some

IR
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8 To minimise technicality, we
avoided being too precise in
our definitions.The coefficients
A,B,C ofaquadratic form be-
long to a fixed field or a fixed
integral domain K. In general
the condition for equivalence
of f andg is thatad-bc must be
a ‘unit’in K. The equivalence of
x2-y2 and xy holds over fields
containing the rational num-
bers; but it does not hold over
integral domains where 2 does
nothave inverse. (Forinstance,
it does not hold over the do-
main of integers or over fields
‘of characteristic 2'.)

°For readers familiar with the
relevant terminology, Lemma
5.1in ([6], p54) states that if Kis
a field of characteristic differ-
entfrom 2, and ¢ isanon-zero
element ofK represented by the
guadratic space <l,a>, then
<l,a>isisometric to <c><l,a>.
The generalisation of Pfister
(Lemma5.2in [6], p.55) states
that Pfister forms are multipli-
cative.
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Indian mathematicians have made signi cant contribu-
tions in the area of quadratic forms during the second
half of the 20th century.
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