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8

Permutations

Combinatorial Mathematics is used in fields as diverse as Prosody,
Ventilation of Halls, Architecture, Medicine, Khandameru (Pascal’s
triangle), and Rasasastra (Science of flavours) among many others, which
due to fear of lengthy elaboration is not given here - Bhaskara[7).

[Mathematics is an Interdisciplinary Subject- Editor]

8.1 Permutations and their Sum
JATGURT: - athankapasah
Now about a string of digits.

[N ha S N Y (oSN

Y ITUTATRI IRl HEMHAT 1dHg WTFEI J<H|
atha ganitapase nirdistankaih sankhyaya vibhede karanasutram vrttam.
Now, a stanza to find the permutations of given digits in a number.

Sloka 261

A PIGARITSET: AgeTaNaT FRrt: TR |

TRISEAATS TR Ty Il Ffcragfer: T 1€ 911

sthanantamekadicayankaghatah sankhyavibheda niyataih syurankaih,

bhakto nkamityankasamasanighnah sthanesu yukto mitisamyutih syat..261..

TePIfS— BT~ EITeT: AT, ;
ekadi-cayanka-ghatah sthanantam syuh
The product of 1, 2, 3, ...  of a given number N  shall be

upto the last digit

AT forct: arg: (3 =)
sankhyavibhedah niyataih ankaih (sah ghatah)

number of permutations P of given n digits. (That product P)
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He: S - Teh fgoar Il

nighnah ankasamasa- bhakta ankamitya yuktah

multiplied by sum of digits s divided by number the result S’
of digits n, being filled

Ty RIS fereigfa:

sthanesu syat mitisamyutih

in places of digits shall be sum S of all the number

of permutations.

Explanation

The number of permutations of string of digits ajasas...a, = 1.2.3...n. = P
say. The $loka says:

S’ =Ps/n ... (i) where

s =ay+as+ ...+ a, and the sum S of all the permutations

(1G32...ay + a2a1...0y, + ... (for n = 6 say) is given by

10° ... 102 10 1

s ... 8 8 S Thus generalising
S=8(1..111)=S5(1+10+10%+...+10"1). ... (ii)

In modern notation:

P=123.n=np,=nl.. (1
[Buddhivilasini 1 explains:

THIITSISISID UT US: ... .. NegedT TaTssac—

ekascedankastada’syaika eva bhedah ... ... bhedatulya eva’vartante

Here is the gist:
If the string is one digit number the number of permutations is 1.
If it is 2 digit one, the second place may be filled in 2 ways (left or right of

1) i.e. the number of permutations = 1.2

! Lilavatz[7], pp. 276-277
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If it is 3 digit one, the third place may be filled in 3 ways (empty spaces
between and beyond 1 and 2) i.e. the number of permutations = 1.2.3

Similarly for more and more digits.]

[Ed. Buddhivilasint fills the empty spaces between and beyond the occupied
digits, starting with one, two, three digits and so on, from the given number

of digits.

The modern method, on the other hand, starts with filling n empty spaces
by given digits, one by one, as follows:
First space can be filled by a digit, in n different ways. Having filled one,
the second can be filled, by a second digit, in n — 1 ways, giving a total of

n(n—1) ways. Similarly for third place it is n(n —1)(n —2) ways, and so on.]

[ Buddhivilasini ? explains by considering the 3 digit number a;asaz

The 6 permutations are

aiasas

a1asas

a2a1a3

asa3aq

a3a1a2

a3a2aq

It further comments that the presentation given above looks like a lock of
abundance of braided hair (rajjupasa), hence the name ankapasah is given

to this chapter.

Thus in each of the 3 columus, the digits aj, as, as are repeated 1(2)(=6/3)
times. Similarly for 4 digit number ajasasay there are 24 permutations of 4
digits. Thus in each of the 4 columns, the digits a1, as,as,as are repeated

1.2.3(=24/4) times.

2 Lilavatz[7), pp.277 :
BRI ; <
tadyatha sthanadvayankaprastara ... bhavatityupapannam
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Therefore sum of each column

S" = (a1 + az + az + a4)24/4. Hence sum S of all 24 permutations is given
by § =5'5'5"8" = 5§'(1111) = S'(14+ 10+ 100 4 1000), treating S’ as having
a place value as if it is a digit. S’S’S’S’ stands for a 4 ‘digit’ number each

‘digit’ standing for the number S’.

Similarly for n digit number ajasas ... a, the sum of all 1.2.3 ... n
permutations S is given by

S=5'5"...5"(111 ... 1), where ' = $(1.2.3 ... n)/nand s = a;+as+az+...a,]

In modern notation
S = sn!(111...11) /n = sn!(10" "1 + ...+ 102 + 10 + 1) /n i.e.,
S = sn!(10™ — 1)/9n. ... (ii)

IAR: —

atroddesakah

Here is an example.

Sloka 262
fEpreaTT HFaTEhal FRR gaTfearaar: |
FGTEATIANGT: Pfc T TRAGEIDRIT JeRaRTSsYI1E 2|
dvikastakabhyam trinavastakairva nirantaram dvayadinavavasanaih,

sankhyavibhedah kati sambhavanti tatsankhyakaikyani prthagvada”su..262

JeREgTSSY B SSTCHERCAR

2

prthagvada “su katq sankhyavibhedah
Tell quickly and separately how many permutations of
[EEZEEZRIEN raTsdat 9 CERICE
dvikastakabhyam va trinavastakairva ca  avasanaih

2,8 or 3,9, 8 and also of digits
=R ERIIEECE o
nirantaram dvayadinava tatha

continuously from 2 to 9, and likewise,
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RSSieEEgllE] AT
tatsankhyakaikyani sambhavanti

the sum of the permutations, which arise.

Here are 3 examples of sets of digits.
(i) (2, 8) (ii) (3,9, 8) (iii) (2, 3,4, 5,6,7,8,9)
Answers:
(i) Number of digits = 2, their sum =10 and
the number of their permutations = 1(2) = 2
Sum of digits in each place = 1(2)(2 + 8)/2 = 10
Sum of permutations is

Tens  Units

10 10  =10(11) =110
(ii) No. of digits = 3, their sum = 20 and
the number of their permutations = 1(2)(3) = 6
Sum of digits in each place = 1(2)(3)(20)/3 = 40
Sum of permutations is

Hundreds Tens Units

40 40 40 or

44 4 0 i.e, 4440
Buddhivilasini gives the following steps:
Hundreds Tens Units

40
4 0
4 0
44 4 0 e, 4440.

(iii) Number of digits = 8, their sum = 44 and
the number of their permutations = 1.2.3.4.5.6.7.8 = 40320
Sum of digits in each place = 40320(44)/8 = 221760
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8.2 Applications

JSENUH- Example.
Sloka 263

IS eN R hHUIAel: TETFIheRaATIg T a =T |
STANSIREADBIAT: BT HfTHET: TFAERRT TTRRARISTIOG: 1€ 3 11

pasankusahidamarukakapalasulaih khatvangasaktisaracapayutairbhavanti,

anyo’nyahastakalitaih kati murtibhedah sambhorhareriva gadarisaroja-

P
kati

How many

RPN
hastakalitaih

weapons in hands

hYTel—
kapala-
skull,

IR-
Sara-

arrow

3R-
ari-

disc

murtibhedah
different idols

EIN ks
pasa-
noose,
gt
Sulaih

trident,

capayutaih

with bow

saroja-

lotus

gaf=q

bhavanti

can be formed
aTga-

ankusa-

goad,

CEEE
khatvanga-
staff with skull
at the top

g
Sambhoh
of Siva,
JEE
Sankhaih

and conch

There are 10 weapons in the 10 hands of Siva.

Sankhaih..2783..

I -
anyonya-

by exchanging
e D -
ahidamaruka-

snake, drum
afh-
Sakti-

miscile,

gada-

mase

&Ra

hareriva

like those of Hari’s.

Number of permutations of His idols = 1.2.3.4.5.6.7.8.9.10 = 36,28,800.

There are 4 weapons in the 4 hands of Hari.

The number of permutations of His weapons = 1.2.3.4 = 24*
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* It is interesting to note that the number 24 corresponds to the 24 syllables
of Gayatri mantra and the 24 names of Hari in the acamana viz., starting
with Kesava, Narayana, Madhava, ..., Hari and Krsna. Reciting this mantra
had been a part of the daily Hindu religious ritual(Sandhyavandanam) in

ancient India.

8.2.1 Special case of Repeated Digits
SRACELEL Rt (

atha visesakaranasutram vrttam.
Now an algorithm for the special case in one sloka.
Sloka 264

ATRAMY JRTERA R JIFa: |

T fRdT SeRdoISEIad 7 qhad 1€ %1

yavatsthanesu tulyankastadbhedaistu prthakkrtaih,

pragbheda vihrta bhedastatsankhyaikyam ca purvavat..264..

YRS foga: qeﬁqﬁ : dgc:

pragbhedah vihrtah prthakkrtaih  tadbhedaih

The previous number divided separately by the number of
of permutations those permutations
TS ey (R:) RSE

tulyankah yavatsthanesu (syuh) bhedah

of the repeated digits in as many places, shall be the number

of permutations,

C - a . a_
purvavat sankhyaikyam ca
and sum of the permutations

is obtained as before.

[Buddhivilasini® explains:

3 Lilavati[7], p.280.
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AU — JERATEFMI ... TR

atropapattih - tulyankanamanyonya ... samyagsyuriti

Permutations arise in the case of repeated digits. It is not proper to count
them. Hence the previously obtained permutations have to be divided by

the permutations of the repeated digits.]

Explanation

Let number of places = n. Sum of digits = s.

Number of places containing a repeated digit = n;.

Number of places containing another repeated digit = ns.

Then the number of permutations = P/(P1FP2). .. veo veo oo e o (1)
The sum of the digits in each column, S" = sP/(nP,Py).

where P =1.23 ... n, Py =123 ... ny, Py =1.2.3 ... no.

Sum of all permutations = S’(111 ... 1) = S/(10"~1 4+ .. + 10 + 1). (ii)

It can be extended to any number of sets of repetitions.

AP — atroddesakah
Now, an example.

Sloka 265

fergemuRid: of deead: -

AT GfIed TUehlsSY 7Y Tied |

ST e R R ATS

JegUIeRRg ARSI € Y 11
dvidvyekabhuparimitaih kati sankhyakah syu-
stasam yutisca ganaka”’su mama pracaksva,
ambhodhikumbhisarabhutasaraistathankaih

cedankapasamitiyuktivisarado’si..265..

& U TEEd T ang
he ganaka pracaksva mama asu

O! mathematician tell me quickly,
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BT ASDT: EREIER CINE e gfer:
kati sankhyakah dvidvyekabhuparimitaih  tasam yutih
how many permutations with two 2s and two 1s, (and also) their sum,

are there

RRIEE sPAIfgd- P- R-yEg-

tathankaih ambhodhi-  kumbhi-  Sarabhuta-  Saraih
and from digits 4 8 5 5 and 5,
I 1 Gfpfaee: srgrerfafer GISIKIREE]

cet asi yuktivisaradah ankapasamiti tasam yutisca

if you are skilled expert in permutations and in summing them.

[Ed. Even though they can be solved by using the formulae, Bhaskaracarya
by way of explanation, actually displays all the permutations in each case,
and demonstrates the problem. In the case of first example he displays all

the permutations of the digits 2, 2, 1 and 1 as follows:

2211, 2121, 2112, 1212, 1221 and 1122, whose sum is 9999. Similarly he
demonstrates the solution of the second example by actual enumeration of

the permutations. 48555, 84555, 54855, ...

Example (i)

The digits are 2, 2, 1,1, n=4, n1 =2, ng =2, s=24+2+14+1=6
Pi=2 P,=2 P=1234=24

The number of permutations = P/(P;P;) = 6, from (i)

Sum of the digits in each column = sP/(P;Pen) = 6(24)/(2)(2)(4) = 9
The sum of all permutations = 9(1111) = 9999, from (ii)

Example (ii)

The digits are 4, 8, 5,5, 5n=5,n, =3, =6, P =120, s = 27
Number of permutations = P/P; = 20

Sum of digits in each column = 20(27)/5 = 108

The sum of permutations = 108(11111) = 11,99,988]
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8.3 Permutations with no Digits Repeated

oSN .

Ffeadgg=a frig Feorgs gamdm)
aniyatankairatulyaisca vibhede karanasutram vrttardham.
A rule for permutations of unknown number, with no digits repeated in half
a stanza.
Sloka 266
AR TS aTAI ST ed TTaT: (1€ 11
sthanantamekapacitantimankaghato’samankaisca mitiprabhedah..266..
NEARIERHIESEIESRAIRE EIEIE
ekapacitantimanka-ghatah sthanantam

The product of 9 and digits 8, 7, ..  till the last place (of the number)

o GIREREIE IR
syuh mitiprabhedah asamarnkaih

shall be number of permutations with distinct digits.
[Ed. Here the actual digits (of an n-digit number), which are unequal, are

not given. The number of permutations P of n distinct digits is
P=909-1)9-2)..(9-(n-1)).

For 1 digit the permutations are 9.

For 2 digit number, the 2" digit can be any of the remaining 8 digits.
Hence the permutations are 9(8). Similarly for 3 digits it will be 9(8)7 etc.
Note the maximum number of places is 9.]

JaTeRUH - Example
Sloka 267

TIYCH RS @ afort: |
BT AgEATaveT: VAR A AR €011

sthanasatkasthitairankairanyonyam khena varjitaih,

kati sankhyavibhedah syuryadi vetsi nigadyatam..267..

afe afy [BUEGL: BT I
yadi vetsi nigadyatam  kati anyonyam

If you know (then) say  how many mutual
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CRCIE T i SSTCHESE FoI - Ng P — R
vibhedah khena varjitath  sankhya syuh sthana-satka-sthitaih
permutations  of non-zero numbers are there in 6 places.

[Buddhivilasini* explains the logic by considering two-digit numbers. There
are 90 two-digit numbers. Nine of them end with 0, such as 10,20,...,90 and
another nine have repeated digits like 11,22,....99. Thus the total permu-
tations are 90-9(2) = 9(8). Similarly the case of 3 digit number is discussed.]

[Ed. Here n = 6. Therefore number of permutaions P is given by

P =9(9-1)(9-2)(9-3)(9-4)(9 - 5) = 9.8.7.6.5.4 = 60,430]

8.4 Permutations Given the Sum of Digits

Sloka 268 - 269
RETSFIfTE FREMmeMfd AR
BUIRARRED: T VY SRl Fadsgan ||
A AACAHHASEIGRIT SHSSAN HfAd g der
AT YT AR FRATGIOToieRT 112 €] 11

nirekamankaikyamidam nirekasthanantamekapacitam vibhaktam,

rupadibhistannihataih samah syuh sankhyavibheda niyate nkayoge.
navanvitasthanakasankhyakaya une’nkayoge kathitam tu vedyam,

sanksiptamuktam prthutabhayena nanto’sti yasmadganitarnavasya..269..

g FRaY, 3T T, [RIGaSIEIEL|

ankaikyam nirekam idam sthapyam nirekasthanantam

The sum s of digits be This is to be kept, in places up to

reduced by 1. the penultimate one,
Tt favh RRIEEE

ekapacitam vibhaktam rupadibhih

reducing each time by 1 and divided (respectively) by 1, 2, 3, ...

4 Lilavati[7], pp. 281-282.
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afsred:
tannihataih

these, when multiplied,

R stz

niyate ankayoge

in the given sum of digits.

SERIERNCI)
ankayoge une (sati)

while the sum of given

digits is less than

(Taq) Sh

(etat) uktam

This is said

TR ATRRT 31
yasmat nasti antah

for there is no end

Explanation

Bhaskaracarya’s Lilavatt

HHT: Pg:

samah syuh
shall be equal to
PRI g
kathitam tu
What is said is

however,
EEIESREROIECE

[ E. E
navanvita-sthanaka-
sankhyakaya

9 added to

number of digits, n.
sanksiptam

in brief

TaTa
ganitarnavasya

to the ocean

of mathematics.

AGETIHeT:
sankhyavibhedah

number of permutations

e

vedyam
understood to be

(applicable),

GYCTE

prthutabhayena
lest it should be too long,

Given the sum s of n digits to find the number of P permutations:

If s <n+9 the formula is

_ (s=1)(s—2)...(s—n+1)
Ppo== 1;.3...(7171)”

(s = 1) (n—1), in modern notation.

The case s >=n+ 9 is not dealt with, as said above, let it become too long.

3STeNUH - Example
Sloka 270

BE RS EIR R B EIUrERI
BT WeT I IS A FRRIam™ 110011
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pancasthanasthitairankairyadyadyogastrayodasa,

kati bheda bhavetsankhya yadi vetsi nigadyatam..270..
afs afy (afg) SUBKIkG et ASEITET:
yadi vetsi (tarhi) nigadyatam  kati sankhyabhedah
If you know (then) say how many permutations
LIk UM 31 TR FAIGY qdq
tesam pancasthanasthitaih  yadyadyogah bhavet

ankaih trayodasa

of those 5 digit numbers each of whose sum is 13, will be there?

This is an example on Theory of Partitions[19]
The number of places n = 5. Their sum s = 13.

The number P of permutations = 12.11.10.9/1.2.3.4 = 495.

[Buddhivilasintactually enumerates all permutations, as shown below:

There are in all 18 combinations of 5 different types, enumerated below, the

sum of digits in each type is 13.

If one digit is repeated, others being distinct

(i) 2 times, it can only be 1, 2 or 3 of the type

(11236, 11245, 22351, 33142.),

with number of permutations 60 each, giving total permutations
= 4(60) = 240

Here 60 = (1.2.3.4.5)/1.2

(ii) 3 times it can only be 1 or 2 of the type

(11164, 11137, 11146, 22243, 22261),

with number of permutations 20 each, giving

total permutations = 5(20) = 100

Note 20 = (1.2.3.4.5)/1.2.3.

(iii) 4 times it can only be 1, 2 or 3 of the type (11119, 22225, 33331),
with number of permutations 5 each, giving

total permutations = 3(5) = 15. As before 5 = (1.2.3.4.5)/1.2.3.4.



230 Bhaskaracarya’s Lilavatt

If two digits are repeated, others being distinct

(iv) 2 times they can only be 1,2,3 or 4 of the type (11227, 11335, 11443,
22441), with number of permutations 30 each, giving total permutations =
4(30) = 120

Here again 30 = (1.2.3.4.5)/((1.2).(1.2)).

(v) 2 and 3 times respectively they can only be 5, 2 twice, and 3 and 1 thrice
of the type (11155, 33322), with number of permutations 10 each, giving
total permutations = 2(10) = 20.

Finally we note that 10 = [(1.2.3.4.5)/(1.2)(1.2.3)]

Total of these permutations being 240 + 100 + 15 + 120 + 20 = 495.]
Sloka 271

T ION 7 & T P o gEwaensii gEFE]
TIRTOTREICHT FITCATISTLTIZAASTET 12009 1|
na guno na haro na krtirna ghanah prstastatha’pi dustanam.
garvitaganakabatunam syatpato vasyamankapase’smin..271..
7 or: TE: T pfer: SRCEE
na gunah na harah na krtih na ghanah

Neither multiplication, nor division, nor squares nor cubes

gEEAATST T SEFM UIERUN GRS

prstastatha’api  patah dustanam  garvitaganakabatunam

are asked, still the fall of evil and proud mathematicians

AT W A, U
avasSyam syat —asmin ankapasah

is certain in these (calculations of) permutations.

Buddhivilasini® suggests that Bhaskaracarya is highlighting the importance
of the tough topic of permutations by saying that it can only be learnt by
the intelligent ones because it cannot be learnt by arithmetic or algebraic

methods using the rule of three.

5 Lilavati[7], pp.284
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[Ed. Though, as said before, Indian mathematics is application oriented,
there are several occassions in which Mathematics for its own sake is
developed. The best example of this is Pingala’s Chandaséastra. While
Chandassastra deals with prosody, it seems the combinatorial mathematics of
prosody is developed mostly for its own sake. This is one of the best instances
of development of mathematics, which happened beyond the application
for which it was meant because very few combinations from combinatorial
mathematics find place in the realm of poetry. Glimpses of it can be had in

the paper Recursion and Combinatorial mathematics in Chandassastra[l] ]

8.5 Use of Pun and its Interpretations

Sloka 272
AT rfergorerfafiarsT
TeTsRcTedaglcr: W HUSHDI|
GISICRIERSES IR G |
AN Aed GETIGURT g 10311
yesam sujatigunavargavibhusitangi
suddha’khilavyavahrtih khalu kanthasakta,
lilavatiha sarasoktimudaharanty

tesam sadaiva sukhasampadupaiti vrddhim..272..

This stanza has two meanings depending upon how the words are interpreted
and thus gives rise to two versions.

First version:

e DEICT HUGHHT fretracht
iha esam kanthasakta Lilavati

In this world those by whom is memorized Lilavati (arithmetic)
SSIR BRI BCHR G RIE) geI-afde-  egagho:
sujati-guna-varga-vibhusitangr Suddha-akhila vyavahrtih

adoroned with, rules of reducing (and) complete day to day (problems)

fractions, square, multiplication, faultless
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e AP Wed @ ST gfg FEFI

udaharanty sarasoktim  sadaiva khalu vrddhim sukhasampat
upaiti
illustrated with interesting will always the increase joy and pros-
instances,  certainly attain in perity.

Second version:
Literary interpretation, being very flexible, gives rise to different shades of

meanings depending on the point of view taken by the interpreter!

38 qIT PUSHH QISICE]
tha esam kanthasakta  Lilavati
In this world those by whom is embraced Lilavati(a lass)

GorTer—ur—a — fagfast gar-Afe-  gagha:

sujati-guna-varga-vibhusitangr  Suddha-akhila-  vyavahrtih

adorned with, good lineage* complete conduct,
and a host of qualities, and faultless
JaTed! AR g @ Sufr gfe T
udaharanty sarasoktim sadaiva khalu vriddhim sukhasampat
upaiti
conversing in  a beautiful will always the increase joy and pros-
speech(language), certainly attain  in perity.

* Buddhivilasintand Lilavativivarana®: Types of women such as Padmini etc.
AT STl ARSI ...~ Sobhana jati bhogajatyads ...
Perhaps this has led some to connote increase in joy and prosperity to mean

- carnal desires. [24]

éﬁ,ﬂ

8 Lilavati[7], p.285



