Bhaskaracarya’s Lilavati
(Part I Covering the Topics )
Arithmetic and Algebra

Translated and Edited
By
A. B. Padmanabha Rao






Bhaskaracarya’s Lilavati
(Part I Covering the Topics )
Arithmetic and Algebra

A Translation from Sanskrit into English with Sanskrit Text

and Roman Transliteration

With Word by Word Meaning in the English Text Order
Of 138 Slokas and Ganesadaivajia’s

The Buddhivilasini Commentary.

Translated and Edited
By
A. B. Padmanabha Rao

Chinmaya International Foundation Shodha Sansthan
Adi Sankara Nilayam, Veliyanad
Ernakulam, Kerala

2015



Chinmaya Research Series: 11

ISBN: 978-93-80864-18-1

Bhaskaracarya’s Lilavatt - Part 1
(Arithmetic and Algebra)
Translated and Edited By A. B. Padmanabha Rao

Published with the financial assistance of Rashtriya Sanskrit Sansthan,
Ministry of Human Resource Development,

Govt. of India, New Delhi

Publisher: General Editor and Director,

Chinmaya International Foundation Shodha Sansthan

(Recognised by Rashtriya Sanskrit Sansthan and Mahatma Gandhi University),
Adi Sankara Nilayam, Veliyanad,

Ernakulam District - 682 313, Kerala, India

Tel/Fax: 91-484-2747104
E-mail: director@chinfo.org

Website: www.chinfo.org

© Chinmaya International Foundation Shodha Sansthan

No part of this publication may be reproduced in any form, or by any means,
without the written permission of the publisher.

First Edition: 2015, 300 copies

Price: ¥ 380 (Vols I & II, set % 650)



Contents

Basic Units of Measurements
1.1 Various Units of Measurement . . . . . . ... ... ... ...
1.1.1  Units of Measures of currency . . . . . ... ... ...
1.1.2 Measures for Weighing Gold . . . . . . ... ... ...
1.1.3 Measures of Length, Area and Volume . . . . . . . ..

1.1.4 Measures for Volume of Grains . . . . ... . ... ..

Place Value System of Decimal Numbers
2.1 Addition and Subtraction . . .. ... ... ... ... ...
2.2 Methods of Multiplication . . . . . .. ... ... ... ....

2.3 Methods of Division . . . . . . . . .. ... ... .......

Squares and Cubes of Numbers and their Roots
3.1 Squares . ...
3.2 Squareroot . . . . ...
3.2.1 Modern Method . . . ... ... ... ... ...
3.3 To Find the Cube of a Given Number . . . . . ... ... ..

34 CubeRoot . ... .. ... ...

11
13
15

25

28



Bhaskaracarya’s Lilavatt

Fractions

4.1 Eight Operations on Fractions . . . . . . ... ... ... ...
4.2 Addition and Subtraction of Fractions . . . ... ... .. ..

4.3 Multiplication and Division of Fractions . . . . . ... .. ..

Eight operations on zero

5.1 Zero as an Infinitesimal . . . . .. ... ... 0.
5.2 Bhaskara's Algorithm to deal with Infinitesimals . . . . . . .

5.2.1 Comparison of the Ideas of Infinitesimals of Bhaskara

and Newton . . .. ... ... .. ... .. ... .

5.2.2  An Example on Infinitesimals . . . . . . .. ... ...

5.3 Inverse Method . . . . .. ... ... ... L.
5.4 Method by Supposition . . . ... .. ...
5.5 Miscellaneous Methods . . . . . . .. ... ... ... ...
5.5.1 Proofof-(-y)=y .. ... .. ... ... .. ...
5.5.2 Givenz+vy, 22 —y?>tofindrandy . ... ... ...

5.6 Generating perfect squares. . . . . . ... ... L.

Quadratic Equations

6.1 Method of Completing Squares . . . . ... ... ... ....
6.2 Applications . . . . . . ...
6.2.1 An example with negative coefficient. . . . .. .. ..

6.2.2  Algebraic proof by the method of removing
the middle term . . . . . .. ... oL oL

Rules of Three, Five, Seven, Nine and Eleven

7.1 The Rule of Three . . . .. ... .. ... ... ... .....



vii

7.1.1 Charles’ and Boyle’s Laws of Gasses . . . ... .. .. 132

72 Ruleof Five . . . . . . .. . ... .. 141
7.3 Rule of Five derived from the Rule of Three . . . . . . .. .. 148
7.4 The Gas Equation PV = RT from the Rule of Five . . . . . . 149
75 RuleofSeven . . . . .. ... ... ... 150
7.6 Ruleof Nine. . . ... ... ... ... ... .. ........ 152
77 RuleofEleven . .. ... ... ... ... ... ... 154
Applications of the Rules of Three and Others 157
8.1 Barterof Goods. . . ... ... ... ... . 157
8.2 Miscellaneous Examples . . . . . . ... .. ... 160
8.3 Investment of Parts of Principal . . . . . . .. ... ... ... 163
8.4 Problem of Streams Fillinga Well . . ... .......... 168
8.5 Purchase and Sale Problems . . . . . ... ... ... ..... 170
8.6 Mixtures of Various Types of Jewels . . . . .. .. ... ... 177
8.7 Problem on Fineness of Gold . . . .. ... ... ....... 182
8.8 Determining Fineness of Gold . . . . ... ... ....... 186
8.9 Detrmining the Weight of Gold . . . . . .. .. ... ... .. 188
Combinations 195
Progressions and Series 204

10.1 Partial Sum of Integers from one onwards and their Partial Sums204

10.1.1 Sum of Squares and Cubes of integers from one onwards.207

Arithmetic and Geometric Series 209



viii Bhaskaracarya’s Lilavatt
11.1 Arithmetic Sequence and Series . . . . . ... ... ... ...

11.2 Geometric Series . . . . . . . . ...

11.3 Conclusion . . . . . . . . . e

Appendix
12.1 Appendex A . . . . . ..
122 Appendix B . . . . oL o
123 Appendix C . . . . . .. L

124 Appendix D . . . . ..o

Glossary
Bibliography

Review

Index

234
234
235
236

238

240

246

251
252



9

Combinations

In this chapter various combinations of selecting a part of a given group of
things are considered. Permutations form a topic of Lilavati second part.
Bhaskaracarya says this topic has a wider application to various fields. Here

are a few examples.

1) Prosody! (Science of metres in poetry) dealing with various combinations
of long and short syllables occurring in poetic metres. The study of this
science by its author has led to the binary representation of numbers, and

its relation to the decimal representation.

2)Architecture and Arts including fine arts such as Music, Dance etc. which
involve various combinations of structures, musical notes , beats,

the foot works etec.

3) In building constructions involving various windows in walls and ceilings

for good breeze and ventilation.

4) In Medicines and cooking involving various combinations of chemicals and

flavours respectively.

5) Khanda Meru (the so called Pascal’s triangle) leading to binomial coefficients
and their relations and many more which are not enumerated lest the list be

too long.

31T THSUCITE! FRORTH SANHAT]— —

atha cchanda$cityadau karanasutram Slokatrayam—

Now combinations of metres in Prosody etc. - a rule in three $lokas.

Lchandassastra by Pifigala, 300 B.C.

195
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Sloka 112
UhTDITRT ST T IoAT: IR |

TR: YOI AGUIRATRE < 9 11 99 11

ekadyekottara anka vyasta bhajyah kramasthitaih .

parah purvena sangunyastatparastena tena ca .. 112 ..

UhTDITRT ST I ATT: HARRI: |
ekadyekottara anka vyasta  bhajyah kramasthitaih .

The numbers 1, 2 etc. be divided by 1, 2

placed in reverse order etc. in this order.

TR UepfarTfesar: ¥g:

tatparastena ekadvitryadibhedah syuh

. i (s
ﬂg’ﬂ'{r:

parah purvena tena
(bhaktena)sarigunyah
The next (quotient)
be multiplied by

the previous one,

the next (quotient) by  These (results) shall be the combinations of

the previous (product). one, two, three ...(from a group of n things)

*eTe&dT- labdhya(by quotient)
** From the next §loka.

The above Sloka stands for the following arrangement

Order

Reverse n n—1 n—2 e 2 1

Direct 1 2 3 e m—1 n
Quotient % ("—gl) ("52) (nzl) i
Product 4 2G5t mgne=t o ppeed s mipled
Modern

notation nc1  neo nes e NC(n-1) non

These are the combinations of n things taken 1, 2, 3 ... e

tc. at a time.
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[ Ed.

The logic of the above arrangements:

The first row represents number of way in which :
1 can be selected, and having selected 1

2 can be selected, having selected 1 2

3 can be selected and so on.

Second row represents the orders :

1,2,3,... m—2,n—1, nin which they are selected.

Third row implies that,
since the order of selection is immaterial, they are removed by respective
divisions

n (n=1) (n—2) 3 2 1
12 3 1 (m=2) (n—1) n"

The last row represents the successive products

n(n—1) n(n—1)(n—2) n(n—1),..3 n(n—-1)...2 n(n-1)...1 .
T —13 5 123 0 To.(n=3) To.(n=i) 12.n  Which are the
actual number of combinations of selecting 1, 2, 3, ... at a time from n
things. ]
Sloka 113

TehfergTfeHar: RGNS ATERY T |
BTN BRgUANISH Afear 11 993 11
ekadvitryadibhedah syuridam sadharanam smrtam .

chandascityuttare chandasyupayogo “sya tadvidam .. 113 ..

9 TR0 <) SUANNSRT BUIEES R
S EE OGN dfeam

idam sadharanam smrtam  chandasi upayogo “sya  musavahanabhedadau

chandascityuttare tadvidam
This is generally useful to the in finding combi-
remembered in proso- learned in prosody, nations of breeze-

dical combinations, carrying air-holes etc.,
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*From the next $loka.

Sloka 114
TIETHERT WUSHR! T fIed |
TP TAVCY Tlch ORI, (1 998 11

musavahanbhedadau khandamerau ca Silpake .

vaidyake rasabhediye tannoktam vistrterbhayat .. 114 ..

USRI T fredds | derd THIh faRegaraTq
khandamerau ca Silpake. vaidyake tannoktam vistrterbhayat
combinations arranged arts*, medicine, It is not said(much)

so as to form a part of a combinations lest it be too long.

mountain*(Pascal’s triangle), of various tastes.

and

* Musical notes, beats and foot work in dance, architecture, building
constructions, etc.

* This is the Pascal’s triangle.

RERSIEERISMICI B FEERYG
tatra chanda$cityuttare
kincidudaharanam-

Some examples on combinations in prosody.

Sloka 115

TR o TR RY: OIS S BT |
UDTCIRALATSSY il Degeddl g2 11 994 11

prastare mitra gayatryah syuh pade vyaktayah kati.ekadi-

guravasca”$u kati katyucyatam prthak .. 115 ..
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i STar eny IR IRAR BT TR THIRE: R O

mitra ucyatam asu  gayatryah prastare kati  ekadiguravah syuh pade

vyaktayah
O! friend tell me in a Gayatr1 metre® of one, two, etc., of long
quickly how many combinations vowels are there in a line.
BT T i : (S=ueT) yore
kati ca kati ca syuh (ucyatam) prthak

How many* and  will there be ?  (let it be said) separately.
how many*

*  The total in a line of Gayatry
* The total in the 4 lines of the mantra.

¢ Normally it has 4 lines of 6 syllables each.

The Vedic representation of the mantra consists of 3 lines of 8 syllables each.

Bhaskaracarya gives the following solution
36 & weeRt TRIATER: | 31T TS AHPTEIGIRR T
tha hi sadaksaro  gayatricaranah. atah sadantanameka
dyankottara ankanam
Here indeed are in a line of gayatri. Hence the numbers 1, 2, ... , 6

6 letters

SR AT °
vyastanam kramasthanam ca

in reverse and direct orders are
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g™ - nyasah

as given in the data:

E1418131191
6.5.4.3.2.1.
91313181915 |
1.2.8.4.5.6.

TP TeHT: ThTo A: § | faRa: 9y |
yathokta karanena labdha ekaguru vyaktayah, 6  dviguravah, 15
As said before combinations of of 2 long

are obtained 1 long syllable, 6 syllables, 15
e 20 | agRa: 94 TR €

triguravah, 20 caturguravah, 15 panicaguravah, 6

3 long syllables, 20 4 long syllables,15 5 long syllables, 6

YgTo: 9 1 NP e 9 YA ureAfhAfr: €%

sadguruh 1 athaikah evamasa padavyaktimitih 64
sarvalaghuh 1 maikyam

and 6 long and one with all Thus adding all, the combinations

syllables, 1  short syllables, 1. in a line are 64

Here

14+6+15+204+15+6+ 1= 064

In modern notation
1+6+15+20+154+6+1

= 6co+ bc1+6c2 +6c3+6ca+6c5+6c6
= (1+1)% =26 = 64.

In fact this is a particular instance of the formula
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Sney =(1+1)"=2"r=0,1,2, ... n.

201

The khandameru mentioned in the above $loka represents combinations[1].

in the form of the triangle given below. This resembles Pascal’s triangle.

1 1
1 2 1
1 3 3
1 4 6 4
1 5 10 10
1 6 15 20 15

Tq TLRUERIEID—  [RRIPIoNe-  dridmdhihed

Jofh

evam catu$caranaksara-

samkhyakanyathoktam

SIRit]

bhedananiya

Thus the combinations by bringing the

for 4 lines obtained

vinyasyaikadiguru-

SIS

tansaikanekikrtya
jata

and adding them

various* combinations become

o C .

TR e eh_IRET:
9§00 9%
gayatrvrttavyakti-
samkhyah 16777216
the combinations of
gayatri Sloka
16777216 = 64*.

* Various metres starting from 1 letter onwards to 26 letters. Buddhivilasini?.

NCECRI B e AR DA

evamukthadyutkrti-
paryantam
Thus from uktha* on-

wards up to utkrti*

2 Lilavati p.107

Bl QT
BIGEE

chandasam vyakti-
mitirjnatavya .
the combinations
in prosody

should be known.
2
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EEERURR (*Q—

udaharanam Silpe-
Example on Architecture.

Sloka 116

T feTeHEaEAfoHa! 58 3 g

R TYST ARIRIT QeAevIeeTfaemer |

U S ThT HYRDPG PRI eRTch—

BTG RV BHicl da I ARRAT: (1 49€ ||

ekadvitryadimusavahana mitimaho bruhi me bhumibhartu-

rharmye ramye “stamuse caturaviracite slaksnasalavisale .
ekadvitryadiyukta madhurakatukasayamlakaksaratiktai-rekasmin

sadrasaih syurganaka kati vada vyaiijane vyaktibhedah 116

AET UG YR H UDHGANMCHIT MY AL

EERIBIR] frerer
aho ganaka bruhi me  ekadvitryadimusa astamuse Slaksnasala
vahanamiti visale
O mathema- the combinations of from the 8 in a spacious
tician tell me 1, 2, etc., windows, (windows) and pleasant

quadrangle

A R Y ERNENER]
bhumsibhartuh harmye ramye caturaviracite

of a land lord’s  beautiful palace constructed by

a skilled one.
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T8 BT ARAIT: G: UpIeHT S T eI

vada kati vyaktibhedah syuh ekasmin vyanjane  ekadvitryadiyukta

Tell me (mathematician) are there in a sauce containing

how many combinations 1,2, .. 6 at a time
SgH: AYRET— PURITFCTh R cRch:

sadrasath madhurakatu-  kasayamlakaksaratiktaih

out of the six flavours: astringent, sour,

sweet, pungent saltish and bitter.

Bhaskaracarya gives the solution.
ESURINSE cUEYy3IA
musanyasah 338450
Data for the window 8765 /4 321
arranged in 2 orders: 123845678

ol =l | SE GRS R TCIIE

¢ W YE Vo Yg W ¢ 9 I3I8Y &0

labdha ekadvitryadimusavahanasamkhyah
8 8 56 70 56 28 8 1 1234 5678

Obtained (from the above $loka)

8 28 56 70 56 28 8 1 1234 5678

RCELEN RIS TR 24Y |
evamastamuse rajagrhe musavahanabhedah 255 .

Thus in the 8 windows of king’s palace the total of all combinations is

28.1% = 255.

* _1 corresponds to the combination with no window being open.

A similar solution is given by Bhaskaracarya for the second example.
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Progressions and Series

In this chapter we consider various progressions and the sums of the correspon-
ding series such as partial sums of integers, sum of these sums, sums of squares
and cubes, Arithmetic and Geometric progressions and their corresponding

sums.
10.1 Partial Sum of Integers from one onwards and their

Partial Sums

31T ATIER: |
atha $redhivyavaharah

Now about a series (of numbers).

Buddhivilasini' says

it sl afcHRigseaieandifhad Toweged Ju: | ATFRINGRI el |

bhinnam bhinnam yatkiniciddravyadikamekikriyate tacchredhityucyate vrddhaih
vyavaharikiyam samjna.

Whatever quantities are added part by part, is said to be a series by the
(learned) old. This is a definition for all practical purposes.

T Agfelia axURE g -

tatra sankalitaikye karanasutram vrttam-

Here is a Sloka to find sum of the series.

Sloka 117
HApuceTueTddaEgyf: fher Tgferaremn
1 oo oo fafret wnfaigar Tg dgferdasd 11 490 11

! Lilavatr p.112

204



