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Diophantine Equation

A Diophantine Equation is a polynomimal equation in 2 or more
unknowns such that all the unknown variables have integer
solution.

There are fewer equations than unknown variables.
Diophantine refers to a Greek Mathematician of 3rd century
Diophantus of Alexandria who studied such equations. He is the

first who introduced symbols such as '=', '<’, and letter-based
symbols etc. in Algebra.
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Examples of Diophantine Equation

ax+by=1 Linear Diophantine Equation

w? + X3 = y3 + 22 | smallest solution:

123 + 13 =93 +10% = 1729
Hardy Ramanujan Number

X"+ y'=272" Fermat's Last Theorem

(No solutions for n > 2)

x> —ny? = +1 Pell's Equation

% = )l( + }l/ + % Erdos-Straus Conjecture

For every positive integer n > 1
there exists a solution in x,y,z > 1
x* 4+ y* + 22 = w! | Elkies showed that there are many
nontrivial solutions.

Diophantine: adjective for nature of solutions to be Integer
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Diophantine Equation

Diophantus: Investigated a rational solution

Indians: Investigated all Integer solutions of 1st and 2nd dgeree
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Diophantine: linear equations

Aryabhatta (5th AD) gave algorithm to solve linear equation.
This is briefly described in Aryabhatiya. This description is very
incomprehensible.

Later Bhaskara -1 (7th century) gave a detailed algorithm with
several examples in aryabhatiyabhasya and gave the name kuttaka.
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Diophantine: quadratic equations

No general method is known to solve quadratic or higher order

equations.
Pell's equation: x> — Dy? =1

Indians evolved an algorithm to solve these (during 7th to 11th
century).

Systematic study of Diophantine equations in Europe began only
in 17th century.
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What motivated Indian to solve linear Diophantine equations?
Sulbasutras

Altar construction: Five layers of bricks with each layer having 21
bricks.

Total area: 1 square unit.

To have stability in structure, the cleavages between two adjacent
bricks of two successive layers should not coincide.

Suppose a layer has x bricks of m? area and y bricks of n? area.
The problem reduces to solving simultaneous Diophantine
equations

x+y=21

S+ H=1
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Baudhayana’s solutions

Suppose a layer has x bricks of m? area and y bricks of n? area.
x+y=21
B

There are two solutions for (x, y, m, n) viz. (16,5,6,3) and
(9,12,6,4).

Baudhayana's Sulvasutra:
Three types of square bricks of length %, i, and %

1st, 3rd and 5th layer: 9 bricks of length & and 12 bricks of length
1

4
2nd and 4th layer: 16 bricks of length ¢ and 5 bricks of length 3

8/62



Baudhayana and apastambha

Construction of $yena citi (Falcon shaped Altar)
x+y+ z+ u=200 and %—F%—i—%—i-g:?%.

x+y+z+u+v=200 and %—l—%—i—f}—l—%—l—‘;’:?%.
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Aryabhata’s description

adhikagrabhagaharam chindyadinagrabhagaharena

Sesa parasparabhaktam matigunamagrantare ksiptam
adhauparigunitamantyayugtinagracchedabhajite $esa
madhikagracchedagunam dvicchedagramadhikagrayutam
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Aryabhata's description: English Translation

Divide the divisor corresponding to the greater remainder by the
divisor corresponding to the smalleer remainder. The residue (and
the divisor corresponding to the smaller remainder) being mutually
divided (until the remainder becomes zero), the last quotient
should be multiplied by an optional integer and then added (in
case the number of quotients of the mutual division is even) or
subtracted (in case the number of quotients is odd) by the
difference of the remainders. (Place the other quotients of the
mutual division successively one below the other in a column;
below them the result just obtained and underneath it the optional
integer.) Any number below (that is, the penultimate) is multiplied
by the one just above it and added by that just below it. Divide
the last number (obtained so doing repeatedly) by the divisor
corresponding to the smaller remainder; then multiply the residue
by the divisor corresponding to the grater remainder and add the
greater remainder. (The result will be) the number corresponding

to the two divisors.
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Aryabhata's Formulation of Problem

Following three problems are equivalent to the problem of solving a
linear Diophantine equation.

e Find an integer which when divided by two given integers
leave two given remainders.
Find N such that N=ax+ R, = by+ Ry

@ Find a number x such that when multiplied by a and incresed
/ decreased by c is divisible by b.
ax—+ c= by or ax— c = by.

@ Find two number x and y such that when multiplied by a and
b give a constant difference c.
ax— by=c
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Slokas from Bhaskaracharya's bijaganitam

bhajyo harah ksepakah ca-apavartah
kenapyadau sambhave kuttakartham
yena cchinnau bhajyaharau na tena
ksepasetad dustam-uddistam-eva

First the dividend(bh3ajya = a), divisor(hara = b) and the

constant(ksepaka) should be simplified by dividing by the greatest
common divisor, if any, for the solution of the kuttaka ax+ ¢ = by

If it is not possible to divide the constant by the GCD of the
dividend and divisor, such simplification is not possible.
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Slokas from Bhaskaracharya's bijaganitam

parasparam bhajitayoh yayoh yah

Sesah tayoh syad apavartanam sah

tena apavartena vibhajitau yau tau
bhajyaharau drdhsajiiakau stah

mitho bhajetau drdhabhajya harau
yavat vibhajye bhavattha ripam

phalani adah adah tad-adho nivesyah
ksepah thatha ante kham upa-antimena
svordhe hate-antena yute tad antyam tyajew
muhuh syad iti ra§ yugmam

urdho vibhajyena drdhena tastah
phalam gunah syad aparo harena
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Slokas from Bhaskaracharya's bijaganitam

From the mutual division of divisor and dividend what remains is
the common factor. Dividing them by the common factor, the
quotients left are called steady(drdha) coefficients. Mutually divide
such simplified coefficients, till the remainder becomes unity.

Place the coefficients of mutual division one below the other and
below them the constant and lastly zero to form a column. With
the penultimate term of this column multiply the factor above and
add the term below. The result should be used to replace the
factor above. Delete the last term from the column and form the
truncated column.
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Slokas from Bhaskaracharya's bijaganitam

Continue this process till only two factors are left in the column.
Reduce these numbers by dividing the top one by the dividend and
the lower one by the divisor.

The remainders so left will be the values of Labdhi (y) and guna
(x) respectively, subject to the conditions to be stated below.
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Slokas from Bhaskaracharya's bijaganitam

evam tadeva atra yada samaptah
syuh labdayah ced vismah tadanim
yathagatau labdhi gunau visdhyo
sva tatksanat $samitau tu tau stah

In this manner, the results (x and y) obtained are true if the
number of quotients (of mutual division) is even.

If the number of quotients is odd, the results (x and y) so obtained
should be subtracted from the dividend and the divisor respectively
and remainder derived will be the correct values of labdhi (y) and
guna (x) respectively.
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Slokas from Bhaskaracharya's bijaganitam

istahatah sva sva haren yukto
te va bhavetam bahudha gunaptr

Multiply the divisor and dividend by any optional number and add

them to the respective value of x and y and obtain many values of
x and y. This is to find the general solution for x and vy.
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An Example

ekaviméati yutam $atadvayam

yad gunam ganaka pafica sasthi yuk
pafica varjita Satadvayoddhrutam
Suddhimeti gunakam vada asu tam

Which number (x) multiplied by 221 and increased by 65 is
completely divisible by 1957

221x + 65 = 195y

13 is the GCD of 221, 65 and 195
Dividing by 13, we get

17x + 5 = 1by
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An Example .. Contd

17x + 5 = 1by

Dividend(bhajya) = 17, Divisor(hara) = 15, ksepaka(constant) = 5

Dividend | Divisor | Quotient | Remainder
17 15 1 2
15 2 7 1
Valli:
Place the quotients, constant and zero in a column.
11 1 1 (35*%1+5)=40
7|7 7*5+0=35 || 7 (7*5+0)=35
515 5 5 -
0110 0 -
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An Example .. Contd

17x + 5 = 15y

1 (35%1+5=) 40
7 (7%5+0=) 35
5 -

0 -

(35,40) is a possible solution. Since (x+kn,y+kn) is a general
solution, to get the smallest solution, we divide the values of y and
x by dividend and divisor respectively such that the quotient is
same.

40 /17:40=17*2+6;y =6
35/15:35=15%2+5;x=5

Verification: 17x +5 =17 *5 + 5 =900 = 15 * 6 15y
General solution is (15n+5,17n+ 6)

Thus possible solutions are
(x,y) = (5.,6), (20,23), (35,40),...
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Another Example

Find all possible solutions of the equation

60x + 3 = 13y
Dividend = 60
Divisor = 13

Constant = 3
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Another Example .. contd

Dividend Divisor Quotient Remainder
60 13 4 8

13 8 1 5

8 5 1 3

5 3 1 2

3 2 1 1

Place the quotients, constant and zero in a column.

4

1

1

1

1

3

0
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Another Example .. contd

4 15%4+9 = 69
1 9*1+6 =15
1 6*1+3=09

1 3*14+3 =6

1 3*1+0=3

3

0

Since there are odd number of quotients,
y =60-69 =-9

x=13-15=-2

So the solution is (-2,-9).

verification: 60 * -2 + 3 = -117 and 13 * -9 = -117

All possible solutions are
x = 13n-2, and y = 60n-9.
(-2,-9), (11,51), (24,111), ...
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Negative constant

yogaje tatksanat $ddhe
gunapti sto voyogaje

dhana bhajyod bhave tad vad
bhavetam rna bhajayo

The values of x and y obtained by reducing the results of kuttaka
with positive constant, should be subtracted from the divisor and
dividend respectively for the solution of kuttaka with negative
constant.

If the solution of the equation ax+ c= by is x=a,y = (3,
then the solution of the equation ax — ¢ = by is
x=b—a,y=a—-p
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Negative dividend

Similarly if the dividend is negative, the result obtained with
positive dividend should be subtracted from dividend and divisor to
get the results.

Similarly, for the equation —ax+ ¢ = by, the solution will be
x=b—a,y=f — a, where x= «,y = ( is the solution for
ax—+ c= by.
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The possible solutions of 60x+3 = 13y are (-2,-9), (11,51), ....
Or in general, x = 13n-2, and y = 60n-9.

What is the solution of 60x-3=13y?

Since the constant is negative, the solution will be
x=13-11=2andy=60-51=9

In general the solution will be

x = 13n+2 and y = 60n+9.
The solutions are: (2,9), (15,69),...

What is the solution of -60x+3=13y?

Since the dividend is negative, the solution will be
x=13-11 =2, and y = -(60 - 51) = -9

What is the solution of -60x-3=13y?
Since the constant is negative, the solution will be
x = 13-2 =11, and y = -60 -(-9) = -51
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Reduction factors

bhavati kuttvidheh yuti bhajyayoh
samapavartitayorapi va gunah
bhavati yo yuti bhajakayoh punah
sa ca bhavet apavartana samgunah

If the constant and dividend of the kuttaka are simplified by
dividing with a common factor the value of the guna (x) obtained
as solution of simplified kuttaka will be correct but that of the
labdhi(y) should be corrected by multipying with the reduction
factor to give the solution of the original kuttaka.

Similarly, if the constant term and divisor are reduced by dividing
with a common reduction factor, the solution of the simplified
kuttaka will give the correct value of labdhi (y), but the guna (x)
should be multiplied by the reduction factor to get the solution of
the original kuttaka.
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Reduction factor: explanation

For example, consider the equation ax+ ¢ = by.
If a and ¢ have a common factor, say, k.

Let £ =a1 and £ = c.

Reduced kuttaka is a;x+ ¢; = by.

Let the solution of this be («a, 3).

Then the solution of ax+ ¢ = by will be (a, k* [3)
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Similarly, If b and c have a common factor, say, k.

Let 7’3 =a; and { = c.

Reduced kuttaka is ax+ ¢; = byy.

Let the solution of this be (a, 3).

Then the solution of ax+ ¢ = by will be (k* «, 3)
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Another Example

yad guna ksayaga sstiravinta
varjita ca yadi va tribhi tatah
syat trayodasa hrta niragraka
tam gunam ganaka me prthak vada

Which number when multiplied by -60 and increased or decreased
by 3 is divisible without remainder by 13. O, mathematician,
please tell me the number.

The given equations are
-60x + 3 =13y
and -60x - 3 = 13y.

The dividend and the constant can be reduced by dividing by 3.
The redced equations are

-20x + 1 = 13y, and

-20x - 1 = 13y

31/62



Reduction factors

Let us solve 20x + 1 = 13y
Dividend Divisor Quotient Remainder

20 13 1 7
13 7 1 6
7 6 1 1

Place the quotients, constant and zero in a column.

11 (1*2+1)=3
(1*1+1) =2
(1*140) =1
1

11
11
11
0 O
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Example ... Contd

Since the number of quotients is odd,
x=13-2=11

y=20-3=17

So the solution for 20x+ 1 = 13y is (11,17).

The solution for —20x+ 1 = 13y, will be
x =13-11 =2, and y = -(20-17) = -3

Solution for —60x + 3 = 13y will be
x=2,y=3*-3=-9

Solution for —60x — 3 = 13y will be

x = 13-2 =11 and y = -(60-(-9)) = -51
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An example

Satam hatam yena yutam navatya
vivarjitam va vihrtam trisastya
niragrakam syad vaxa me gunam tam
spstam padiyan yadi kuttake asi

Which number when multiplied with 100 and increased or reduced
by 90 can be divided by 63 without remainder. If you are an expert
in kuttaka, please tell me that number.

The equation is: 100x+ 90 = 63y
Reduce the dividend by 10 and divisor by 9
So the reduced equation is:

10x+1="7y
Dividend Divisor Quotient Remainder
10 7 1 3
7 3 2 1
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Solution ... contd

Place the quotients, constant and zero in a column.

1 (1*2+1) =3
2 (2¥140) =2
11
0 -

So the solution of 10x+ 1 = Ty is (x,y) = (2,3).
The solution of 100x 4+ 90 = 63y will be

x = 2*%9 = 18; y = 3*10 = 30

So the general solution is (63n + 18, 100n + 30)
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Example ... Contd

Solution of 100x — 90 = 63y will be

x = 63 - 18 = 45, and

y =100-30 =70

So the general solution is (63n+45, 100n+-70)
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astadasa gunah kena dasadhya va dasonitah
$Suddham bhagam prayacchanti ksyagaikadasoddhrtah

Which number when multiplied by 18 and increased or reduced by
10 becomes completely divisible by -117

The equations are 18x+ 10 = —11y & 18x— 10 = —11y
Let us start with 18x+ 10 = 11y
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Example ... Contd

Let us start with 18x+ 10 = 11y
Dividend Divisor Quotient Remainder

18 11 1 7
11 7 1 4
7 4 1 3
4 3 1 1
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Place the quotients, constant and zero in a column.
1 1*30+20 =50
1 1*20+410 = 30
1 (1*10+10) =20
1 (1*1040) =10
10 10
0o -
Since there are even number of quotients,
y = 50 mod 18 = 14
x=30mod 11 =8
So the solution for 18x+ 10 = 11y is (8,14)
Solution for 18x+ 10 = —11y is (8,-14)
Solution for 18x — 10 = —11y is
x =-11-8 =-19 and y = 18-(-14) = 32
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Constant larger than divisor

harataste dhanaksepa guna labdhitu purvavt
ksepa taksana labhadya labdhih $ddhau tu varjita

If the constant c is positive, and ¢ > b, the constant ¢ can be
reduced by dividing it by b and using the remainder ¢; as the new
constant.

Suppose the solution of the new equation ax+ ¢ = by is (x1,)1),
then the solution of ax+ ¢ = by will be (xi,y1 + m), where m = {.
If the constant is negative, the solution will be (xi, y1 — m).
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Constant larger than divisor

athava bhaharena tastayoh ksepabhajyayoh
gunahA pragvat tato labdhih bhajyaddhata yutoddhrtat

An alternative method is: Divide both dividend and constant by

the divisor and simplify. The value of x will be correct. To get the
value of y, multiply x by a and add ¢, divide the result by b.
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yena samgunnitah pafica trayoovimsati sayutah
varjita va tribhih bhakta niragrah syuh sah ko gunah

Which number when multiplied by 5 and increased or reduced by
23 and divided by 3 leaves no remainder?

The equation is 5x + 23 = 3y
The constant (23) is larger than the divisor(3). So divide the
constant 23 by 3, and take the remainder as new constant.
So the new equation is bx+ 2 = 3y

Dividend Divisor Quotient Remainder

5 3 1 2

3 2 1 1
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the quotients written in a column with constant and 0
1 (1*2+42) =4

1 (1%¥240) =2
2 2
0 -

The number of quotients is even.

Soy=4,x=2

The solution of 5x+ 23 = 3y is (2,4+7), where 7 = 23 div 3
General solution is (2+3n, 11+5n).

The solution of 5x — 23 = 3y is
x=3-2=1y=5-11=-6

So the general solution is (143n, -6+5n)
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Constant is Zero

ksepabhave athava yatra ksepah Sudheyd haroxdhrtah
j neyah stinyam gunah tatra ksepo harahrtah phalam

In the absence of numerical constant in the equation or when the
constant is completely divisible by the divisor, the value of x will be
zero and the constant divided by the divisor will be the value of y.
In ax+c= by, if c=0, ax= by

— x=0 (and y = 0) is the solution

If cis an integral multiple of b, (c=bn), then the general solution is
y=n (and x=10).
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An Example

yena pa nca gunitah kha samyutah
pa nca sasti sahitah ca te athava
syuh trayodasa hrta niragraka

tam gunam ganaka Kirtayasu me

Which number, multiplied by 5 and combined with zero or
increased by 65 is divisible by 13 without remainder? O

Mathematician, please give me that number quickly.

The equation is 5x+ 0 = 13y and 5x+ 65 = 13y
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An Example ... Contd

The equation is 5x+ 0 = 13y

When the constant is zero, (x,y) = (0,0) is the solution
Hence general solution is:

x=13m,y =5m, m=1273,...

The equation is 5bx+ 65 = 13y
13 is the common factor.

So the solution is:

X:O,y:%zf)

General Solution is:
x =13m,y =5m + 5, m =1,273,..
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sthira (invariant) kuttaka

ksepam visuddhim parikalpya rupam
prthak tayoh ye gunakara labdhi
abhipsita ksepa visuddhi nighne

sva hara taste bhavatah tayoh te

In a kuttaka assuming constant c to be equal to 1, find the value
of x and y. For an equation with the constant having the desired
value (say c), multiply the values of x and y by this desired
number. Reduce the results by dividing by b and a respectively and
get the remainders as the values of x and y.
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Sthira kuttaka: Example

The solution for 8x+ 1 =3y is (x,y) = (1, 3).

The solution for 8x + 2 = 3y will be (x,y) = (1%2,3%2) = (2,6)
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Sthira kuttaka:Proof

Let the solution for ax+ 1 = by be (x,y) = (o, B).
Multiply this equation throughout by c.
We get acx+ ¢ = bcy.

Let cx = x1 and cy = y1.

So we get ax; + ¢ = by,
where (x1,y1) = (ex, yx) = (cx o, cx 3).
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Finding the smallest positive solution

gunah labdhyoh samam grahyam
dhimata taksane phalam

While reducing the values of guna (x) and labdhi (y), by dividing
with divisor, and dividend, an intelligent person should take the
value of quotients to be equal. The values of y and x will be the
remainders of such division.

This follows from the fact that the general solution is
(x+ bn,y+ an).
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An Example

The solution of 8x+ 1 =3y is (x,¥) = (1, 3).
Hence the solution of 8x+ 11 = 3y would be (x,y) = (11, 33).

To get the smallest solution, divide x and y by a 3 and 8
respectively, such that the quotient is same. Thus we get

11/3 =3+42/3;33/8 =3+ 9/8.

So the above solution may be reduced to (2,9), as the smallest
positive solution.
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Mixed Kuttaka samslista kuttaka

eko harah ced gunakau vibhinnau

tada gunaikyam parikalpya bhajyam
agraikyamagram krta uktavadyah
samslista samj nah sputakuttakah asau

In two kuttakas, with common divisor, but different dividend and
constants, the kuttaka formed with the sum of dividends as new
dividend and sum of constants as a new constant with the same
divisor is called a mixed or conjunct kuttaka.

For example, if ajx+ ¢; = by and asx+ ¢ = by are two kuttakas,

then
(a1 + a2)x+ (c1 + c2) = by is called the samélista kuttaka.
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kah pa ncanighno vihrtah trisastya
sapta-avasesah atha sah eva rasih
dasahatah syad vihrtah trisastya
caturdasa agrah vada rasimena

What is the number which when multiplied by 5 and divided by 63
leaves a remainder 77 and when multiplied by 10 and divided by 63
gives 14 as remainder? Please tell me the number.

The two equations are
5x — 7 = 63y and
10x — 14 = 63y.

So the mixed kuttaka is 15x — 21 = 63y.
On reduction, we get bx — 7 = 21y.
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Example ... Contd

Solution of 5x+ 7 = 21y is

(x,y) = (28, T)or(28mod21, 7Tmodb) = (7,2).

Solution of 5x — 7 = 21y will be (x,y) = (21 — 7,5 — 2) = (14, 3)
Hence x = 14 is the solution.
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Quick Recap

Aryabhata's Algorithm for solving Linear Diophantine Equations

Reduce the given equation to a simplified form removing the
common factors(GCD).

Get the quotient of division of dividend and divisor. Repeat
the process with the divisor and the remainder till the
remainder is 1.

Prepare a valli of quotients followed by the constant and 0.

multiply the penultimate term with the factor above and add
the next term. Expunge the last term and repeat this process
till you have only 2 values in the column.

If the number of quotients are even, these are the values of y
and x modulo b and a respectively, if ax+c=by were the
equation.

If the number of quotients are odd, then subtract these values
from b and a respectively.
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Quick Recap .. Contd

e If the solution of ax+ ¢ = by is («,3)
then the solution of ax — ¢ = by is (b— a,a — )

o If the solution of ax+ ¢ = by is («,3)
then the solution of —ax+ c¢= by is (—«,f), and
the solution of ax+ c= —by is (a,—f).

@ Ifin ax+c= by, c> b, and let c= bm+ ¢y, and
let the solution of ax+ ¢; = by be («,f)
then the solution of ax+ ¢ = by is (o, + m).

o if a= 2 and c = 9, and the solution of ajx — ¢; = by is

(a,B), then the solution of ax — ¢ = by is («a,k x [3).

e if b= b—kl and ¢ = % and the solution of ax— ¢; = byy is
(o), then the solution of ax — ¢ = by is (k * o, f3).
@ If the solution of ax+ 1 = by is («, 3), then

the solution of ax+ c= by is (c*x o, c*x 3).
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If the solution of ax+ ¢ = by is («,3)
then show that the solution of ax — ¢ = by is (b— a,a — f3)

Proof: (a,[3) is the solution of ax+ ¢ = by.
Hence aa + ¢ = bg.

Subtracting each side from ab,

ab— aa — c=ab— bj

a(lb—a) —c=b(a—P)

Hence the solution of ax — ¢ = by is (b— a,a — )
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Exercise

e If (a,B) is the solution of ax+ ¢ = by
prove that the solution of —ax+ ¢ = by is (—«,3), and
the solution of ax+ c = —by is (a,—f3).

o Ifinax+c= by, c> b, and let c= bm + ¢y, and
let the solution of ax+ ¢; = by be («,f)
then prove that the solution of ax+ ¢ = by is (o, + m).

o if a= 3! and c = ¢, and the solution of ajx— ¢; = by is

(a,3), then prove that the solution of ax— ¢ = by is (a,k* 3).

e if b= b—kl and ¢ = C—kl and the solution of ax— ¢; = byy is

(v, 3), then prove that the solution of ax— c= by is (k* «,3).
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Simple equation

Do you need a kuttaka method to solve

ax+c=y?
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Intuition behind the Kuttaka

Example: 20x+ 1 = 13y

Let y= 20x+1 = x+ 7x+1

For an integer solution of (x,y), 7)%1 need to be an integer.

_ Tx+1
Letz—13131 6z—1
So x= % :z+z%

For an integer solution of (x,z), @ need to be an integer.

Let u= 627_1
_ Tu+l _ u+1
So z= G =ut S

For an integer solution of (z,u), %1 need to be an integer.

— utl
Let t = G

i.e., 6t = u+ 1, whose integer solutions are
(t,u) = (n,6n—1),n=1,2,3,...

60 / 62



Intuition behind the Kuttaka .. Contd

Let us start with t = 1.
u=6t—1. Hence u=>5.
z=u-+t Hencez=5+1=6.
x=2z+ u. Hence z=6+5 = 11.
y=x+2z Hence y=11+6 =1T7.

Hence the solution is (11,17).
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Kuttaka: Continued Fractions

The above solution may be represented as follows.
Example: 20x+ 1 = 13y

20 _ 14 7

13 13

20 1

20 1
ﬁ_1+1+$
20 1
ﬁ_1+1+%
6
20 __ 1
ﬁ_l_'_l_;'_%
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